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Abstract. In this paper we extend the investigation of Adami and Ver Steeg
[Class. Quantum Grav. 31, 075015 (2014)] to treat the process of black hole
particle emission effectively as the analogous quantum optical process of parametric
down conversion (PDC) with a dynamical (depleted vs. non-depleted) ‘pump’ source
mode which models the evaporating black hole (BH) energy degree of freedom. We
investigate both the short time (non-depleted pump) and long time (depleted pump)
regimes of the quantum state and its impact on the Holevo channel capacity for
communicating information from the far past to the far future in the presence of
Hawking radiation. The new feature introduced in this work is the coupling of the
emitted Hawking radiation modes through the common black hole ‘source pump’
mode which phenomenologically represents a quantized energy degree of freedom of
the gravitational field. This (zero-dimensional) model serves as a simplified arena to
explore BH particle production/evaporation and back-action effects under an explicitly
unitary evolution which enforces quantized energy/particle conservation. Within our
analogous quantum optical model we examine the entanglement between two emitted
particle/anti-particle and anti-particle/particle pairs coupled via the black hole (BH)
evaporating ‘pump’ source. We also analytically and dynamically verify the ‘Page
information time’ for our model which refers to the conventionally held belief that the
information in the BH radiation becomes significant after the black hole has evaporated
half its initial energy into the outgoing radiation. Lastly, we investigate the effect of
BH particle production/evaporation on two modes in the exterior region of the BH
event horizon that are initially maximally entangled, when one mode falls inward and
interacts with the black hole, and the other remains forever outside and non-interacting.
1. Introduction
Recently, Adami and Ver Steeg [1] (see also Bra´dler and Adami [2]) have proposed a
solution to the black hole information problem (BHIP) by essentially modeling the black
hole (BH) particle emission from a constant mass black hole (BH) and calculating the
channel capacity of the non-thermal stimulated emission around the black hole in the
presence of the Hawking radiation treated as spontaneous emission. By demonstrating
that the channel capacity is non-zero, even for infinite black hole surface gravity with as
little as one initial particle present before particle creation, they conclude that a classical
copying of infalling information is performed by the out going unitary stimulated
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emission process around the black hole, and therefore classical information is preserved.
In this paper, we extend the approach of Adami, Ver Steeg and Bra´dler to treat the
process of black hole particle emission effectively as the analogous quantum optical
process of parametric down conversion (PDC) with a dynamical (a depleted vs. a
non-depleted) ‘pump’ source which provides a simplified arena to phenomenologically
model the evaporating black hole (BH) energy degree of freedom, and which unitarily
incorporates back-action effects.
As discussed more fully below, parametric down conversion is the process by which
a ‘pump’ source quanta (boson) of higher energy creates a pair of lower energy particles
such that energy (and momentum) are conserved. Under energy conservation the
reverse process (sum frequency generation) simultaneously occurs in which two lower
energy (bosons) combine to produce a particle of higher energy. In standard treatments
of Hawking radiation production (see [3, 4, 5, 6, 7] and references therein), the BH
‘pump’ source is (implicitly) taken to have such a large number of quanta that it is
reasonable to approximate the source to be a constant (mass/energy) c-number, and
pair production proceeds from the vacuum state as spontaneous emission (typically
referred to as spontaneous parametric down conversion, SPDC). If there is already
population present in either of the emitted modes, as often used to model the formation
of the BH by infalling matter, then stimulated emission can occur simultaneously with
spontaneous emission. While stimulated emission in general requires a pump to create an
inversion, it is certainly valid to model the process by a constant (non-depleted) ‘pump
source,’ as performed by Adami and Ver Steeg [1] (and Bra´dler and Adami [2]) in their
channel capacity calculations. In this work we maintain the quantized nature of the BH
’pump’ source mode in addition to the conventionally considered quantized Hawking
radiation pairs. The trilinear Hamiltonian model utilized in this work to investigate
BH particle production/evaporation is the simplest generalization of the purely pair
production Hamiltonian utilized in standard treatments of Hawking radiation that also
enforces quantized energy and particle conservation during the unitary process. As such,
the newly introduced BH ‘pump source’ mode phenomenologically models a quantized
energy degree of freedom of the BH gravitation field. Its chief feature is a ‘natural’
incorporation of BH evaporation, expressed as energy/particle number conservation of
the BH ‘pump source’ with the emitted Hawking radiation pairs.
Another justification for the inclusion of a quantized BH ‘pump’ source mode
is the following. In the spirit of a quantum information approach to understanding
entanglement issues in BH (as advocated e.g. in Bra´dler and Adami [2] and references
therein), the evolution of pure states into mixed states in open systems dynamics
(quantum channels) is in accord with standard quantum mechanics when one traces
over the inaccessible degrees of freedom, typically referred to as the environment. This
produces a system evolution with loss (to the environment, modeled as an effective bath)
via a quantum master equation [8]. The evolution on the system (sans environment) is
a completely positive map, mapping density matrices to density matrices (for details see
e.g. Chapter 8 of [9]). In a purified system that includes both system and environment,
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the evolution in the higher Hilbert space is unitary on a composite pure state. The
inclusion of the quantized BH ‘pump source’ mode in our trilinear Hamiltonian model
then represents the simplest such purification of the Hawking radiation system with its
quantized source.
One of the primary motivations of this work is to re-investigate the channel capacity
calculation of Adami and Ver Steeg in light of the non-thermal nature of the late-time
joint quantum state of the evaporating BH and the emitted Hawking radiation pairs.
At early stages of evolution when the ‘population’ in the BH ‘pump source’ is large (and
effectively constant) results should agree with standard treatments of Hawking radiation
which focus primarily on the pair production process. The joint quantum state of such
a system factorizes into a product of the BH ‘pump source’ state (usually taken to be a
classical c-number source) and the entangled (across the horizon) correlated state of the
emitted Hawking pairs. However, at late-times, when the population in the emitted pairs
becomes on the order of the population of the BH ‘pump source’ the quantum state of the
joint system no longer factorizes and new effects are anticipated. The motivation of this
work is to explore the consequences of these effects in a simple, zero-dimensional unitary
model that inherently incorporates BH evaporation and hence, back-action effects. ‡ In
this work we investigate the short time (non-evaporating) and long time (evaporating)
regimes (analogous to a the non-depleted and depleted laser regimes, respectively in
PDC) and its impact on the channel capacity, entanglement entropy across the event
horizon, and the emergence of information from the BH at late-times. The new feature
introduced here is the coupling of the emitted Hawking radiation modes through the
common black hole ‘source pump’ mode (which can be depleted), which introduces new
entanglement effects that we explore.
Recently, there has intense renewed interest in entanglement issues across the event
horizon as the BH evaporates. The central issue is most succinctly described in the
introduction to the recent paper by Lloyd and Preskill [11, 7] which we quote The crux
of the puzzle is this: if a pure quantum state collapses to form a black hole, the geometry
of the evaporating black hole contains spacelike surfaces crossed by both the collapsing
body inside the event horizon and nearly all of the emitted Hawking radiation outside
the event horizon. If this process is unitary, then the quantum information encoded
in the collapsing matter must also be encoded (perhaps in a highly scrambled form) in
the outgoing radiation; hence the infalling quantum state is cloned in the radiation,
violating the linearity of quantum mechanics. The authors go on to note that this
puzzle has spawned many recent highly innovative ideas to rescue unitarity including
BH complementarity [12, 13], firewalls [14, 15, 16] and even wormholes [17]. In the
majority of these approaches the Hawking radiation is canonically taken to be of the
form
∑
n
√
pn |n〉int|n〉ext where Hilbert space of the BH is taken to be of the tensor
product form H = Hext ⊗Hint for the interior (int) and exterior (ext) of the BH. The
‡ Previous work by Nation and Blencowe [10] has also explored a model of an evaporating BH as PDC
with depleted pump source. Those authors use a related but different analytic approach utilized here,
and their work has less emphasis on entanglement and channel capacity issues than this present work.
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action of evaporation is to move some subsystem from the black hole interior to the
exterior [15, 16] Hint → Hbh ⊗Hr via |n〉int → (U |n〉bh,r) where U denotes the unitary
process that might be thought of as ”selecting” the subsystem to“eject.” Here |n〉int
is the initial state of the black hole interior, bh denotes the reduced size subsystem
corresponding to the remaining interior after evaporation, and r denotes the subsystem
that escapes as radiation.
The central theme of this present work is to consider a model for BH particle
production/evaporation as H = Hbh ⊗ Hext ⊗ Hint with the pure state wave function
|ψ〉 = ∑nbh0n=0 cn |nbh0 − n〉bh|ne0 + n〉ext|n〉int evolving unitarily under the trilinear
interaction Hamiltonian Hbh,ext,int = r(abh a
†
ext a
†
int + a
†
bh aext aint). Here |n〉int represents
a state of n emitted anti-particles in the interior of the BH, and |ne0 + n〉ext represents
the state of n emitted particles in the exterior of the BH when there were initially
ne0 particles present in the mode. The new feature introduced is |nbh0 − n〉bh which
phenomenologically models the quantized ‘state’ (energy degree of freedom) of the BH
containing nbh0−n particles, when initially the BH contains nbh0 particles in this mode.
In the short-time regime when nbh0  n, ne0 one can approximate |nbh0−n〉bh ∼ |nbh0〉bh
and factor the wave function into the biseparable state |ψ〉 ≈ |nbh0〉bh ⊗ |ψ〉ext,int where
|ψ〉ext,int =
∑nbh0
n=0 cn |ne0 + n〉ext|n〉int is the usual highly entangled state considered
in the literature for the Hawking radiation. However, in the late-time regime when
n ∼ nbh0  ne0 and the BH is undergoing evaporation this factorization cannot be
performed and the full state |ψ〉 is non-separable and exhibits additional intermodal
entanglement. This (zero-dimensional) model then serves as a simplified arena to explore
BH particle production/evaporation and back-action effects under an explicitly unitary
evolution.
The model discussed above is well known in the quantum optics literature
[10, 18, 19, 8, 20, 21] as the trilinear Hamiltonian describing parametric down conversion
(PDC) via a nonlinear crystal where the pump is now quantized and can be depleted.
In PDC a pump of frequency ωp and wave vector ~kp is converted into lower frequency
particles, the signal of frequency/wavevector ωs, ~ks and the idler of frequency/wavevector
ωi, ~ki such that energy and momentum are conserved ωp = ωs+ωi, ~kp = ~ks+~ki. If there
are no initial particles in the signal and idler modes in the crystal (which is typically
the case in laboratory experiments) the process is called spontaneous parametric down
conversion (SPDC) and is the workhorse for generating entangled photons for quantum
optical information processing applications [22, 23, 24, 25, 26, 27]. The state |ψ〉ext,int
is the well known and studied two-mode squeezed state vacuum.
The above trilinear PDC model is described and explored in more detail below.
For now the correspondence between PDC and BH particle production that we exploit
is (pump, signal, idler) ↔ (bh, ext, int). The work of Adami and Ver Steeg [1] (upon
which this present work expands, see also Bra´dler and Adami [2]) treats nbh0 as constant
and ignores the bh modes, which is valid in the regime nbh0  n, ne0, and sufficient for
the computations presented in that work. In quantum optics this is the ”non-depleted
pump” regime where the pump is treated as a classical c-number and absorbed into
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the Hamiltonian coupling constant. In laboratory quantum optics experiments, such an
approximation is eminently justifiable due to the small, finite length of the non-linear
crystal used to generate the SPDC. The main focus of this paper is to include the effects
of the quantized pump, which can then transfer particles unitarily into the signal and
idler, and treat this as a model for unitary BH particle production/evaporation. The first
term abh a
†
ext a
†
int of Hbh,ext,int above represents the parametric down conversion process
in which the BH mode bh of frequency ωbh produces correlated Hawking radiation pairs
ext and int of lower energy such that ωbh = ωint + ωext. This term (with abh treated
as a constant c-number source) has been predominantly used in the literature (see
[3, 4, 5, 6, 7] and references therein) to investigate Hawking radiation production. The
(Hermitian conjugate) term a†bh aext aint represents sum frequency generation by which
the modes int and ext combine to yield a higher frequency ωint + ωext = ωbh in mode
bh. Hbh,ext,int represents the most general Hermitian form of energy/particle number
conservation. Though both process occur simultaneously, during the early stages of
evolution, when nbh0  n, energy flows from the BH to the Hawking radiation modes
such that dnbh/dt < 0, where nbh = nbh0 − n in our model. The model considered here
is only valid in the regime dnbh/dt ≤ 0, thus prohibiting the unphysical reverse flow of
Hawking radiation back into the BH. We will see below that this always occurs after the
time for which nbh = next and so there exists a late-time regime beyond the two-mode
squeezed state vacuum commonly used to model the Hawking radiation.
The outline of this paper is as follows. In Section 2 we review the work of Adami and
Ver Steeg [1] and their main results for the classical cloning of infalling information in
the stimulated emission of the BH radiation in the presence of the Hawking spontaneous
emission. In Section 3 we define our first model and explore its short and long time
behaviors. Our first trilinear Hamiltonian models the BH with particles exterior to the
BH event horizon and anti-particles inside the event horizon. We explore entanglement
between various bipartite subdivisions of the global pure state. In Section 4 we include
a second trilinear Hamiltonian which models anti-particles exterior to the event horizon
and particles inside the event horizon. The full Hamiltonian is required in order to redo
the (Holevo) channel capacity calculation of Adami and Ver Steeg. Derivation details
are relegated to Appendix A for purpose of exposition. In Section 5 we explore a new
entanglement feature that arises between an emitted particle/anti-particle (ext/int) pair
with an emitted anti-particle/particle pair (ext/int) due to the common BH ‘pump’
source mode. In Section 6 we redo the Adami and Ver Steeg’s channel capacity
calculation, now with a dynamically evaporating BH (the ‘depleted pump’ regime).
In Section 7 we follow Sorkin [28], Adami and Ver Steeg [1] and Bra´dler and Adami [2],
and compute gray body effects which model classical scattering of late infalling particles
off the emitted outgoing BH radiation. In Section 8 we re-examine, using our model,
the conventionally held notion developed by Page [29, 30] that the information in the
BH radiation essentially emerges when the BH has emitted half its particles, the Page
time. Our simplified unitary evaporating BH model re-produces Pages anticipated result
dynamically (see also Nation and Blencowe [10]). We show that one can also interpret
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the Page time as that time in which the variances of the probability distributions for
the evaporating BH and Hawking radiation become equal. In Section 9 we examine
entanglement between two modes s and c outside the BH event horizon that are initially
maximally entangled, where one mode falls inward and interacts with the BH and the
other remains forever outside and non-interacting. We show that the entanglement in
the initially maximally entangled (outside) state is degraded (though not completely
destroyed) by the interaction with the BH with finite absorption. (Related work for
a perfectly absorbing and perfectly reflecting BH was performed recently by Bra´dler
and Adami [2]). These results suggest the necessity for the concept of a BH firewall to
preclude quantum cloning as dispensable.
Finally, in Section 10 we summarize our results and present numerical evidence that
suggests the trilinear Hamiltonian model utilized in this work suggests the transference
(at least partially) of information initially in the probability distribution of the BH
‘pump’ source mode to the outgoing Hawking radiation modes at late-times. We also
indicate future directions that can be explored with this heuristic model for BH particle
production/evaporation.
2. Review of work by Adami and Ver Steeg (A&VS)
In the work of Adami and Ver Steeg (A&VS) [1] the authors consider the regions I
(outside), and II (inside) a Schwarzschild black hole as illustrated in Fig.(1). Here the
operators that annihilate the curved spacetime vacuum at late time J+ are given by the
Bogoliubov transformation
Ak = e
−iHakeiH = cosh rk ak − sinh rk b†−k, (1)
Bk = e
−iHb†−ke
iH = − sinh rk ak + cosh rk b†−k, (2)
where a†k creates a particle, and a−k annihilates an antiparticle of mode k in region I,
while b†−k creates a antiparticle, and bk annihilates a particle of mode k in region II.
Here rk is the rapidity of the local Lorentz transformation about which curved spacetime
metric is linearized for a stationary observer with tanh rk = exp[−ωk/(2T )] with
ωk = |k|c and T = ~ (κ/c)/(2pi) is the temperature of the black hole. The hyperbolic
functions ensure the ‘out’ mode commutation relations are preserved: [Ak, A
†
k′ ] = δk,k′ ,
[Bk, B
†
k′ ] = δk,k′ , and [Ak, Bk′ ] = 0. The quantity κ = GM/R
2
s = c
4/(4GM) is the
surface gravity of the black hole of Schwarzschild radius Rs = 2GMbh/c
2 and hence a
measure of the local acceleration of the stationary observer. For the related case of
the observer undergoing constant acceleration a in the flat Minksowski spacetime, the
Unruh temperature is given by analogous expression TU = ~(a/c)/(2pi), (for a recent
review, see [31] and references therein).
The Bogoliubov transformation Eq.(1) provides a mapping from the Boulware ‘in’-
vacuum |0〉in = |0〉a|0〉b to the Unruh ‘out’-vacuum |0〉out using the S-matrix U = e−iH
with
|0〉out = e−iH |0〉in (3)
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Figure 1. Penrose diagram for pair production in neighborhood of a black hole
(adapted from Fig. 1 of Adami and Ver Steeg [1]). Modes a and b are early time
infalling modes emanating from the far past impinging on matter collapsing into a
black hole (BH). Near the BH event horizon mode a lies just outside the BH exterior
(region I, white), while mode b lies just inside the BH interior (region II, gray). Mode
c is an infalling late time mode (after the BH formation) which can scatter off the
region I outgoing radiation a. This scattering is phenomenologically modeled as a
’beam splitter’ (gray vertical line) interaction between modes a and c.
with the two-mode ‘squeezing’ Hamiltonian [8, 20, 21]
H =
∞∑
k=−∞
Hk =
∞∑
k=−∞
irk(a
†
k b
†
−k − ak b−k). (4)
The vacuum state is given by
|0〉out =
∞∏
k=−∞
erk(a
†
k b
†
−k−ak b−k) |0〉out
=
∏
k
[
1
cosh rk
∑
nk
tanhnk rk|nk〉a|n−k〉b
]  1
cosh rk
∑
n′k
tanhn
′
k rk|n′−k〉a|n′k〉b
 , (5)
where in the left square bracket |nk〉a = (a
†
k)
nk
√
nk!
|0〉a represents an n-particle state of
mode k just outside (a, region I) the BH, and |n−k〉b an n-antiparticle state of mode
k just inside (b, region II) the BH, and the right square brackets swaps the particle-
antiparticle labels. The above state is most readily computed from the (normally ordered
form) disentangling theorem [32] for the two boson mode Schwinger representation of
SU(1, 1) given by [32, 21]
Ssu(1,1)(ξ) ≡ eξK−−ξ¯K+ = eζK+ e−ηK0 eζ′K− , (6)
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ζ = eiφ tanh |ξ|, η = ln cosh2 |ξ| = − ln(1− |ζ|2), ζ ′ = −ζ∗,(7)
K+ = a
†
k b
†
−k, K− = ak b−k, K0 =
1
2
(a†k ak + b
†
−k b−k + 1), (8)
[K0, K±] = ±K±, [K−, K+] = 2K0. (9)
The density matrix for the outgoing radiation appropriate for region I is given by
ρIa = TrII [ |0〉out〈0| ]
=
∏
k
[
1
cosh2 rk
∑
nk
tanh2nk rk |nk〉a〈nk|
]  1
cosh2 rk
∑
n′k
tanh2n
′
k rk |n′−k〉a〈n′−k|
 ,(10)
≡
∏
k
ρk ⊗ ρ−k, (11)
where it is useful to note that 1/ cosh2 rk = (1−tanh2 rk). Here ρk is the region I density
matrix for outgoing particles and and ρ−k is the region I density matrix for outgoing
anti-particles. The mean number of particles emitted in region I (mode a) is calculated
as
〈Na〉 = Tr[a†kakρIa] =
∞∑
k=−∞
out〈0|a†kak|0〉out =
∞∑
k=−∞
sinh2 rk =
∞∑
k=−∞
e−ωk/T
1− e−ωk/T , (12)
where the last term contains the famous Planck distribution of the Hawking radiation.
The von Neumann entropy of the frequency mode k of the outside or inside region
can be computed as
S(ρk) = − Tr[ρk log ρk] = ω/T
eω/T − 1 + ln(1− e
−ω/T )
= − sinh2 rk ln(tanh2 rk) − ln(1− tanh2 rk), (13)
≡ − zk
1− zk ln zk − ln(1− zk),
where it is conventional to define the parameter zk = tanh
2 rk. Stimulated emission in
frequency mode k from the BH can be treated by considering m initial particles in (say)
mode a, and no antiparticles in mode b
|ψ〉out = e−iHk |m〉a|0〉b = 1
(cosh rk)m+1
∞∑
n=0
tanhn rk
(
m+ n
n
)1/2
|m+ n〉a|n〉b (14)
which is readily computed with the disentangling theorem Eq.(6), since eζ
′K− = eζ
′akb−k
acts trivially (as the identity) on |ψ〉in = |m〉a|0〉b. Again the region I density matrix
for the outgoing radiation can be easily computed to be
ρIa = TrII [ |0〉out〈0| ] = ρk|m ⊗ ρ−k|0, (15)
where ρ−k|0 is the density matrix of anti-particles given that zero anti-particles were
present in mode k initially, and ρk|m is the density matrix of particles given that m
particles were initially present:
ρk|m =
1
(cosh2 rk)m+1
∞∑
n=0
tanh2n rk
(
m+ n
n
)
|m+ n〉〈m+ n|. (16)
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It is useful to note the binomial identity [28, 33]
∑∞
n=0 z
n
(
m+ n
n
)
= (1 − z)−(m+1).
The mean number of particles in region I is given by
〈NI〉 = Tr[a†kakρIa] = out〈ψ|a†kak|ψ〉out = in〈ψ| cosh2 rka†kak + sinh2 rk|ψ〉in
= cosh2 rkm+ sinh
2 rk, (17)
which is interpreted as m incident particles having stimulated emission of cosh2 rkm
particles outside the horizon in region I, in addition to the sinh2 rk spontaneously
emitted particles (Hawking radiation) due to the vacuum |0〉a|0〉b. Since particle number
is conserved, sinh2 rkm anti-particles are simultaneously stimulated behind the horizon
in region II. Adami and Ver Steeg [1] note that because the incident particles carry
energy and momentum, the BH does not have to donate mass in order to allow the
emission of stimulated pairs, as it does for virtual pairs. We will return to this point in
the next section.
One of the main questions addressed by Adami and Ver Steeg [1] is whether or
not the particles stimulated in region I carry the information that was inherent in the
particles that were absorbed during the formation of the black hole. To answer this
question the authors compute the Holevo capacity [34, 9] of the stimulated emission in
the presence of the noisy background of the spontaneous emission. The authors imagine
a dual rail encoding of classical information at early times on J− in which a logical
‘0’ is represented by a particle launched towards the forming black hole, and a logical
‘1’ by an anti-particle. The relevant question at hand is whether or not an observer
measuring particles and anti-particles at late time on J+ can determine the classical
message encoded by the preparer. The answer is affirmative if the Holevo capacity is
non-zero, which they find is the case, even for infinite rapidity rk.
The relevant quantity to compute is the mutual information [9] between the preparer
X and the radiation field outside the black hole (in region I):
H(X : I) = S(ρI) + S(ρX)− S(ρI,X). (18)
Here S(ρI) is the von Neumann entropy of the reduced density matrix ρI for the radiation
field in region I, S(ρX) is the von Neumann entropy of the preparer, and S(ρI,X) is the
joint von Neumann entropy between the preparer and the region I radiation field. The
capacity of the channel χ is the maximum of the shared information over the probability
distribution of the signal states [34],
χ = max
p
H(X : I). (19)
Below we outline the calculation of χ.
If the preparer sends the state ‘0’ with probability p and state ‘1’ with probability
1− p the preparer’s entropy is given by Shannon entropy (in bits)
S(ρX) = −p log2 p− (1− p) log2(1− p) ≡ H(p), (20)
which is maximized at one bit for p = 1/2. Here H(p) = −∑n pn log2 pn is the Shannon
entropy (in bits) of the probability distribution {pn}.
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The density matrix ρI in region I is given by the probabilistic mixture of the density
matrices ρI(0) that describes ‘0’ being sent and ρI(1) for a ‘1’ being sent:
ρI(p) = pρI(0) + (1− p)ρI(1). (21)
Here ρI(0) = ρk|1 ⊗ ρ−k|0 describes one (m = 1) particle sent, with zero (m = 0) anti-
particles sent, while ρI(1) = ρk|0 ⊗ ρ−k|1 describes one (m = 1) anti-particle sent, with
zero (m = 0) particles sent.
Lastly,
ρI,X =
1∑
i=0
p(i)ρI(i)⊗ |i〉〈i|, (22)
is the joint, block-diagonal density matrix between the region I sent states ρI(i) and
the preparer’s basis states |i〉. From the definition of the von Neumann entropy and the
block-diagonal structure of Eq.(22) one can easily compute
S(ρI,X) = H(p) +
1∑
i=0
p(i)S(ρI(i)). (23)
This expression is further reduced by using the factorization of the particle and anti-
particle density matrices (which are pure tensor products) yielding
S(ρI(0)) = S(ρk|1) + S(ρ−k|0),
S(ρI(1)) = S(ρk|0) + S(ρ−k|1), (24)
where the individual terms on the right hand side of Eq.(24) can be readily computing
using the probabilities from the diagonal density matrices for m = 0 and m = 1 using
Eq.(16),
S(ρk|0) = S(ρ−k|0) = − log2(1− z)−
z
1− z log2 z, (25)
S(ρk|1) = S(ρ−k|1) = −2 log2(1− z)−
2z
1− z log2 z − (1− z)
2
∞∑
n=0
zn (n+ 1) log2(n+ 1).(26)
Since the density matrix [1]
ρI(p) = (1− z)3
∞∑
n,n′=0
zn+n
′+1 (pn′ + (1− p)n) |n, n′〉〈n, n′|, (27)
is symmetric under the interchange of p → 1 − p the mutual information H(X : I) is
maximized at p = 1/2, at which S(ρI(p)) is evaluated. The resulting channel capacity
has the form
χ = S(p ρk|1 ⊗ ρ−k|0 + (1− p) ρk|0 ⊗ ρ−k|1)
− p (S(ρk|1) + S(ρ−k|0))− (1− p) (S(ρk|0) + S(ρ−k|1)) , (28)
which is maximized over p at the value p = 1/2. An expression for χ is readily computed
in closed form and given by [1] (with z ≡ tanh2 rk for mode k)
χ(z) = 1− 1
2
(1− z)3
∞∑
n=0
zn(n+ 1)(n+ 2) log(n+ 1) + (1− z)2
∞∑
n=0
(n+ 1) log(n+ 1),(29)
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Figure 2. Channel capacity χ Eq.(29) as a function of z = tanh2 rk (Fig. 2 of Adami
and Ver Steeg [1]).
which is plotted in Fig.(2). The important point to note in Fig.(2) is that the channel
capacity χ is non-zero for z = 1, or infinite rapidity (acceleration) rk → ∞, or in the
case of a black hole, infinite surface gravity.
The work discussed above dealt with ‘early-time’ modes and indicates that classical
information is not lost just before the formation of the BH. To determine the fate of
information after the formation of the BH, Adami and Ver Steeg utilized the approach
of ‘late-time’ modes introduced by Sorkin [28]. In Fig.(1) mode c is the strongly blue-
shifted mode relative to the early-time modes a and b, the particles and anti-particles
introduced above that propagate just outside and inside the BH horizon respectively.
Because of this blue-shift of mode c, modes a and b are unexcited by mode c and as
a consequence commute with it. The particle mode c can scatter off of mode a and
introduce so called ’gray-body’ factors. The mode Ak that escapes to infinity on J+ in
Fig.(1) is given by
Ak = e
−iHkakeiHk = αk ak − βk b†−k + γk ck
= cosh rk cos θk ak − sinh rk b†−k + cosh rk sin θk ck, (30)
such that α2k − β2k + γ2k = 1. The transformation in Eq.(30) can be produced by
[1] combining the previous squeezing Hamiltonian Hk Eq.(4) with the ‘beam splitter’
Hamiltonian H ′k [8, 20, 21]
Hk = Hk +H ′k,
= irk(a
†
k b
†
−k − ak b−k) + iθk(a†k ck − ak c†k). (31)
Note that Hk and H
′
k in Eq.(31) do not commute and also imply that the scattering
between modes a and c at late times is occurring commensurately with the particle
anti-particle production via Hk. Alternatively, one could also effect the transformation
in Eq.(31) by the successive (in time) transformations
Ak = e
−iH′k
(
e−iHkakeiHk
)
eiH
′
k (32)
where the ‘beam-splitter’ Hamiltonian H ′k effects the rotation via [20, 21]
e−iH
′
kake
iH′k = cos θk ak + sin θkck, (33)
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e−iH
′
kcke
iH′k = cos θk ck + sin θkak. (34)
This successive evolution is what occurs naturally in laboratory quantum optical
experiments. State evolution can then be readily computed by successively applying the
SU(1, 1) disentangling theorem of Eq.(6) and the corresponding disentangling theorem
for SU(2) [32]
Ssu(2)(ξ) ≡ eξJ−−ξ¯J+ = eζJ+ e−ηJ0 eζ′J− , (35)
ζ = −eiφ tan |ξ|, η = ln cos2 |ξ| = − ln(1 + |ζ|2), ζ ′ = −ζ∗, (36)
J+ = a
†
k ck, J− = ak c
†
k, J0 =
1
2
(a†k ak + c
†
k ck + 1), (37)
[J0, J±] = ±J±, [J−, J+] = −2J0. (38)
Under H ′k Fock states |n〉a|n′〉c are transformed into states of the form
∑n+n′
p=0 fp |p〉a|n+
n′ − p〉c since the total particle number a†ak + c†ck is preserved. Here fp
is given by [21] fp =
∑n
q=0
∑n′
q′=0 δp,q+q′
(
n
q
)(
n′
q′
)
((q + q′)!(n + n′ − q −
q′)!/(n!n′!))1/2(cos θ)n
′+q−q′ (sin θ)n−q+q
′
(−1)n−q.
Considering the case of m incident particles in the late-time mode c, |ψ〉in =
|0〉a|0〉b|m〉c, the evolution |ψ〉out = e−iH′ke−iHk |ψ〉in produces the number of particles
emitted into the outgoing mode a as
〈NI〉 = out〈ψ|a†kak|ψ〉out = γ2km+ β2k ,
= cosh2 rk sin
2 θkm+ sinh
2 rk. (39)
Thus, in addition to the spontaneously emitted particles β2k that will be detected at
future null infinity J+, γ2km ≡ (1 − α2k)m + β2km particles will also be detected. This
result can be interpreted [1] as (1− α2k)m particles arising due to the elastic scattering
of mode a with mode c with an absorption probability α2k along with the usual β
2
km
particles due to spontaneous emission, as before. A calculation of the channel capacity
in the presence of this additional late-time scattering off the BH (gray-body factors)
produces [1, 2], for the case of rk = θk, the value χ(z/(1 + z)), i.e. the same functional
form for the channel capacity in Eq.(29), with z → z/(1 + z), which at a given value of
z, increases the value of χ over the previous case.
3. Black hole particle production with the gravitational field modeled as a
‘depleted pump’
For the rest of this work, we wish to make the analogy of particle emission in the
presence of the BH with the quantum optical process of parametric down conversion
with a depleted (vs the usual non-depleted) pump. In this analogy, the gravitational
field (mass) of the BH plays the role of the ‘laser pump’ while the Hawking radiation
plays the role of the spontaneously emitted signal and idler bosons (‘photons’) such that
energy is conserved ωp = ωs+ωi¯. Here we have introduced the quantum optical notation
p for pump to represent an idealized quantized gravitational energy mode of the BH (to
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enforce energy conservation), s for the region I signal boson, which we will take as the
particle (mode a of wave vector k in the above discussion), and i¯ as the (‘anti’-)idler
boson, which we will take as the region II anti-particle (mode b of wavevector −k). We
will also use the notation of s¯ and i for the (region I, anti-particle) signal and (region
II particle) idler bosons of wavevector k and −k, respectively. Thus, the modes (s, s¯)
propagate just outside the BH, while (i, i¯) propagate just inside the BH, and the ‘pump’
p models the BH source. The overbar indicates anti-particles, though in the usual
laboratory case of PDC with photons, no such anti-particles are present. Henceforth we
continue to use the ‘pump, signal, idler’ nomenclature of the photon-based laboratory
PDC case in order to reinforce the analogy with the BH particle/anti-particle emission.
The Hamiltonian (for the single mode k) is now of the form
H = Hp,s,¯i +Hp,s¯,i,
= r(ap a
†
s a
†
i¯
+ a†p as ai¯) + r
′(ap a
†
s¯ a
†
i + a
†
p as¯ ai). (40)
We will investigate the two cases when (i) for early times the pump occupation number
np is very much greater than the emitted particle/anti-particle occupation numbers
ns, ni¯ and ns¯, ni, and (ii) late-times when these later boson occupation numbers are on
the order of np. While all boson modes commute [ai, a
†
j] = δi,j, for i, j ∈ {p, s, i¯, s¯, i}, the
region I//II particle/anti-particle Hp,s,¯i and anti-particle/particle Hp,s¯,i Hamiltonians
do not commute [Hp,s,¯i, Hp,s¯,i] 6= 0 due to the coupling of the emitted modes {s, i¯, s¯, i}
with the pump mode.
We analyze this model in stages. We will first look at the trilinear Hamiltonian Hp,s,¯i
for particle/anti-particle creation in region I/II just outside/inside the BH respectively,
and the influence of the pump on early and late times before we turn to analysis of the
full Hamiltonian in Eq.(40). We will explore the entanglement created between various
bipartite division of our system in two subsystems before turning our attention to the
exploration of the influence of the pump (BH) mode on the channel capacity. Lastly we
explore the role of gray-body factors on the channel capacity, and entanglement issues
with a maximally entangled initial state.
3.1. The trilinear Hamiltonian Hp,s,¯i
The investigation of the trilinear Hamiltonian
Hp,s,¯i = r(ap a
†
s a
†
i¯
+ a†p as ai¯) (41)
for spontaneous parametric down conversion (SPDC) (as well as emission from
superradiant Dicke-states) has a long history dating back to works of Walls and Barakat
[18] and Bonifacio and Preparata [19] in 1970 and continuing today (for a recent review
see [35] and references therein). There are many approaches to handling the trilinear
Hamiltonian Eq.(41). Walls and Barakat took a numerical approach by investigating the
eigenvalues of the tridiagonal matrix representation of Hp,s,¯i in the computational basis
states |n〉L ≡ |np0−n〉p|n〉s|n〉i¯, where L indicates the ‘logical basis’ state and np0 is the
initial number of particles (photons) in the pump mode. Bonifacio and Preparata used
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the two-boson mode Schwinger representation of SU(2) given by Eq.(35) with J
(p¯i)
+ =
a†p ai¯ to convert Eq.(41) to the spin-boson Hamiltonian Hp,s,¯i = r(J
(p¯i)
+ as + J
(p¯i)
− a
†
s).
Note that there is no closed form disentangling theorem for this Hamiltonian since the
individual terms J
(p¯i)
+ as and J
(p¯i)
− a
†
s do not form the raising or lower operators of a
Lie group with a finite number of generators (or commutators). The authors develop
differential-difference equations for the quantum amplitudes cn(t) = L〈n|e−iHp,s,¯it|ψ〉in
(with |ψ〉out =
∑∞
n=0 cn|n〉L) and examine the behavior in the short time (non-depleted
pump) and long-time (depleted pump) regimes. We develop and adapt the methodology
of Bonifacio and Preparata first for the trilinear Hamiltonian Eq.(41), and subsequently
for the full Hamiltonian Eq.(40).
The trilinear Hamiltonian in Eq.(41) can also be considered as
Hp,s,¯i = r(a
†
pK
(s¯i)
− + apK
(s¯i)
+ ), (42)
with K
(s¯i)
+ = a
†
s a
†
i¯
(this is also the form considered by Nation and Blencowe [10]). Here
we consider the logical states
|n〉L ≡ |np0 − n〉p|ns0 + n〉s|n〉i¯, |ψ〉in = |0〉L = |np0〉p|ns0〉s|0〉i¯, (43)
where the initial state |ψ〉in = |0〉L contains np0 pump particles and ns0 signal particles
with np0  ns0.
Here a few words are in order to justify the form of our initial state in Eq.(43). Since
we consider the initial state of the outgoing radiation field modes (s, i¯) to have very small
occupation number it is reasonable to model them starting in the Fock state |ns0〉s|0〉i¯.
For the case of the BH ’pump’ source with a very high initial occupation number
np0  ns0 it might be more appropriate to model its initial state as the classical-like
coherent state [8, 36] (appropriate for a laser) |α〉p = e−|α|2/2
∑∞
m=0 α
m/
√
(m!) |m >p
vs. the highly non-classical Fock number state |np0〉p. The later has the property that
p〈np0|(a†p + ap)/2|np0〉p = 0, while the former has the property ap |α〉p = α |α〉p with
α =
√
np0 such that p〈α|(a†p + ap)/2|α〉p = Re(α). However, we choose the initial
BH ’pump’ source to be the Fock state |np0〉p both for computational convenience and
because it more clearly elucidates the essential features of the BH - outgoing radiation
modes (p) − (s, i¯) interactions. Later in Section 8 we present results and numerical
simulations in which the initial BH state is modeled as the coherent state |α〉p (with the
(s, i¯) in the vacuum state |0〉s|0〉i¯), which we then interpret in terms of the collection of
Fock states under the coherent state (Poisson) probability distribution.
To develop a differential difference equation for the quantum amplitudes we
compute ic˙n(t) = L〈n|Hp,s,¯ie−iHp,s,¯it|ψ〉in. We note that a discrete series representation
of SU(1, 1) is defined [32] by the set of states |κ;κ + n〉, n = {0, 1, . . . ,∞}. Here κ
is the constant defined by the SU(1, 1) Casimir operator −1/4 + 1/4(. . .) = κ(κ − 1)I
where I is the identity operator. The SU(1, 1) generators K
(s¯i)
± and K
(s¯i)
0 act on these
basis states as follows (in analogy with the usual SU(2) angular momentum operators
J± and J0) as
K− |κ;κ〉 = 0, (44)
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K+ |κ;κ+ n〉 =
√
(n+ 1)(2k + n) |κ;κ+ n+ 1〉, (45)
K− |κ;κ+ n〉 =
√
n (2k + n− 1) |κ;κ+ n− 1〉. (46)
In the basis of two-boson Fock states {|m〉|n〉} we have |κ;κ + n〉 = |n0 + n〉|n〉 with
κ = 1/2(1 + n0) reflecting the fact that SU(1, 1) preserves the difference of the number
of bosons in the two modes. For our case of interest |κ;κ + n〉 = |ns0 + n〉s|n〉i¯ with
n0 = ns0, the initial number of signal particles present. With the standard Heisenberg
algebra (simple harmonic oscillator) raising and lowering operations a|n〉 = √n |n− 1〉p
and a†|n〉 = √n+ 1 |n + 1〉 one obtains the equation for the amplitude cn(t) of the
logical state |n〉L
i
dcn(t)
dt
= r
√
np0 − n
√
(n+ 1)(2κ+ n) cn+1(t)
+ r
√
(np0 − n+ 1)
√
n(2κ+ n− 1) cn−1(t), cn(0) = δn,0, 2κ = ns0 + 1. (47)
3.2. Early times: the non-depleted pump regime
For early times the condition np0  ns0, n holds, and the simplest approximation is to
approximate the terms
√
np0 − n and
√
np0 − n+ 1 by √np0, which leads to
i
dcn(t)
dτ
=
√
n (n+ ns0) cn+1(t) +
√
(n+ 1)(n+ 1 + ns0) cn−1(t). (48)
This has solution
|ψ<(τ)〉out =
np0∑
n=0
cn(τ) |n〉L =
np0∑
n=0
cn(τ) |np0 − n〉p|ns0 + n〉s|n〉i¯ (49)
≈ |np0〉p ⊗
∞∑
n=0
cn(τ) |ns0 + n〉s|n〉i¯ ≡ |np0〉p ⊗ |ψt<(τ)〉s,¯i, (50)
c<n (τ) =
(−i tanh τ)n
(cosh τ)ns0+1
√(
ns0 + n
n
)
, τ =
√
np0 r t, (51)
where the subscript ‘<’ denotes the short-time solution, and we have used np0  n, 1 to
factorize the pump mode from the signal and idler modes. For all practical calculations,
we can effectively take the upper limit np0 in sums over n to be infinite, np0 →∞. The
solution Eq.(50) is essentially the same solution as that of Eq.(14) (with m→ ns0), since
the pump occupation number is effectively constant. What determines the validity and
extent of the short-time solution is the condition np0  n, ns0, 1. The reduced density
matrix ρIs = Trp,¯i[ |ψ(τ)〉out〈ψ(τ)| ] for the signal particles in region I is the same as
Eq.(15). Eq.(49) yields the generalized thermal probability distribution
p<(n, τ) = |c<n (τ)|2 =
tanh2n τ
(cosh2 τ)ns0+1
(
ns0 + n
n
)
≡ (1−z)ns0+1zn
(
ns0 + n
n
)
, z = tanh2 τ.(52)
One has
∑∞
n=0 p<(n, τ) = 1 upon noting the identity [28, 33]
∑∞
n=0 z
n
(
ns0 + n
n
)
=
(1 − z)−(ns0+1). The average number of particles in region I is given by n¯<(τ) where
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(taking np0 →∞)
n¯<(τ) =
∞∑
n=0
n p(n, τ) = (ns0 + 1)
z
1− z = (ns0 + 1) sinh
2 τ, (53)
which allows one to write Eq.(52) as
p<(n, τ) = (ns0 + 1)
ns0+1
(
ns0 + n
n
)
n¯n<(τ)
(n¯<(τ) + ns0 + 1)n+ns0+1
, (54)
which reduces to the standard thermal probability distribution pthermal(n, τ) = n¯
n/(n¯+
1)n+1 with n¯thermal = sinh
2 τ when ns0 = 0.
The same solution could have also been obtained by a slightly more accurate
approximation by invoking a Holstein-Primakoff approximation (HPA) [37]. In the
formulation of Hp,s,¯i = r(J
(p¯i)
+ as + J
(p¯i)
− a
†
s) the HPA would entail invoking the group
contraction of SU(2) to the Heisenberg group {a, a†} under the condition of large total
angular momentum j via [38], J0 → jI − a† a, J+ →
√
j + m¯ a and J− →
√
j + m¯ a†.
Here, angular momentum state |j;m〉 for m ≈ m¯  −j is replaced by the Fock state
|µ〉 = |j − m〉. The translation between the states is made via the association [19]
j = (np +ns)/2 = (np0 +ns0)/2 = constant and m = (np−ns)/2 = j−n, so that µ = n
is close to zero. (A similar group contraction of SU(1, 1) to the Heisenberg group could
also be invoked with analogous results [39]). Another possible approximation would be
to assume the decoupling of the pump from the emitted signal and (anti)idler modes
allows one to factorize as follows: e−ir(a
†
pK
(si¯)
− +apK
(si¯)
+ )t ≈ e−i(αa†p+α∗ap)t e−ir(αK(si¯)− +α∗K(si¯)+ )t
which would create the state |ψ〉out = |α〉p |ψs,¯i〉out where |α〉p is a coherent state [8]
of the pump such that ap |α〉p = α |α〉p with α = √np0 and |ψs,¯i〉out is the two mode
squeezed state Eq.(14) with m = ns0 signal particles initially in the field.
3.3. Late times: the depleted pump regime
For late times we wish to examine the conditions under which n ∼ O(np0)  ns0, 1
holds. Here, we follow the methodology of Bonifacio and Preparata [19] (who used
the Hamiltonian form r(J
(p¯i)
+ as + J
(p¯i)
− a
†
s) instead of our form in Eq.(41)) and develop
a partial differential equation (pde) approximation to Eq.(47) for continuous n, which
is then evaluated at discrete values of n. Connection to the short time solution given
by Eq.(49) developed above is made by treating it as the initial condition for the pde
solution.
We first put Eq.(47) in a more amenable form by defining the functions §
g(n) =
√
2
Γ(1 + n/2)
Γ(1/2 + n/2)
, g(n− 1) g(n) = n, (55)
and
G(n) = g(np0 − n) g(n) g(2κ+ n− 1). (56)
§ This formula corrects a minor, but important typographical error in the definition of g(n) in [19].
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We further define
C˜n(t) =
√
G(n) c˜n(t), c˜n(t) = (−i)n cn(t), (57)
to obtain the exact equation
dC˜n(t
′)
dt′
+G(n) ( C˜n+1(t
′)− C˜n−1(t′) ) = 0, t′ = r t. (58)
We now treat n as a continuous variable and define θ by
n = np0 sin
2 θ, θn = sin
−1(
√
n/np0),
dθn
dn
=
1
2
√
n (np0 − n)
. (59)
Using the definitions in Eq.(59) we develop the approximate pde
0 =
dC˜n(t
′)
dt′
+ 2G(n)
(
C˜n+1(t
′)− C˜n−1(t′)
(n+ 1)− (n− 1)
)
≈ ∂C˜n(θ, t
′)
dt′
+ 2G(n)
dθ
dn
∂C˜(θ, t′)
∂θ
,
≡ ∂C˜(θ, t
′)
∂t′
+ v(θ)
∂C˜(θ, t′)
∂θ
, (60)
where second and higher order partial derivatives in θ have been dropped, and we define
v(θ) by
v(θ) = 2G(n)
dθ
dn
=
g(np0 − n)√
g(np0 − n− 1) g(np0 − n)
g(n)√
g(n− 1) g(n) g(2κ+ n− 1),
≈ g(2κ+ n− 1) ≈ √n+ 2κ,
=
√
np0 sin
2 θ + ns0 + 1. (61)
In Eq.(61) we have made the long-time approximation that np0, n  ns0, 1 and
additionally for large argument g(x) ≈ √x+ 1 ≈ √x. This long-time approximation
becomes increasingly more accurate for larger pump depletion as θ  0 is closer to its
maximum value at θmax = pi/2.
Eq.(60) can be rewritten in the form
∂C˜(u, t′)
∂t′
+
∂C˜(u, t′)
∂u
= 0, (62)
where
u(θ) =
∫ θ
0
dθ′
v(θ′)
≡
∫ θ
0
dθ′√
1−
(
− np0
(ns0 + 1)
)
sin2 θ′
(63)
is an elliptic integral of the first kind with imaginary parameter. The solution of Eq.(63)
is given by the Jacobi elliptic functions [33]
sin θ = sn
(√
ns0 + 1u |
√
−np0/(ns0 + 1)
)
, (64)
=
√
ns0 + 1
np0 + ns0 + 1
sn
(√
np0 + ns0 + 1)u | ke
)
dn
(√
np0 + ns0 + 1)u | ke
) , ke ≡ np0
(np0 + ns0 + 1)
< 1, (65)
= cn
(√
np0 + ns0 + 1)u− Tq | ke
)
. (66)
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Eq.(64) is the defining Jacobi elliptic function solution sin θ in terms of u, with
an imaginary argument. By standard elliptic function [33] transformations this can
be written in terms of the function sd(x) = sn(x)/dn(x) of real parameter ke ≡
np0/(np0 + ns0 + 1) in Eq.(65), which is extremely close to, though strictly less than
unity. Lastly, Eq.(66) writes the solution in terms of the quarter period Tq such that
Tq = a(ke) +
1
2
ln
(
np0 + ns0 + 1
ns0 + 1
)
= a(ke)− 1
2
ln(1− ke), ln 4
ke→0
≤ a(ke) ≤ pi/2
ke→1
.(67)
The general, stationary solution of Eq.(62) is given by
C˜(u, t′) = C˜(u− t′), (68)
where C˜ is an arbitrary function that is determined by the initial condition. At t′ = 0,
we formally have, C˜(u − t′) = (−i)n√G(n) cn(0) = √G(0) δn,0, which is sharply
about θ = 0. Such an initial condition would violate neglecting the higher order
derivatives in θ in the derivation of Eq.(60). As such we take the initial condition
to be at a time t = t∗ > 0 such that the short-time solution Eq.(49) is valid, i.e.
C˜(u−t∗) = (−i)n√G(n(u)) c<(n(u), t∗). Working directly with the quantum amplitude
cn, this initial condition will allow us construct c
>
n by first writing c
<
n in terms of the
most probable value of n, namely the mean number n¯< Eq.(53), and then replacing n¯<
by n¯>, which will be derived below in Eq.(73).
One can consider C˜(u − t′) as the probability distribution in u-space, and
conservation of probability can be written as
np0∑
n=0
|cn(t′)|2 ≈
∫
du |C˜(u− t′)|2 = 1. (69)
For all practical computations we can take the upper limit as np0 →∞, and treat u as
a continuous variable. Moments can be calculated as [19]
〈nk〉 =
np0∑
n=0
nk |cn(t′)|2 ≈
∫
dunk(u)|C˜(u− t′)|2. (70)
Using Eq.(59) and Eq.(66) we can now write n as
n(u) = np0 cn
2
(√
np0 + ns0 + 1un − Tq | ke
)
, (71)
which defines and relates the discrete set of values un to the discrete values of n from 0
to np0. The long-time state |ψ〉out can be written as
|ψ(t′)〉out =
np0∑
n=0
cn(t
′) |n〉L =
np0∑
n=0
cn(t
′) |np0−n〉p|ns0 +n〉s|n〉i¯, cn(t′) = in
C˜(un − t′)
G(n)
.(72)
Here G(n) acts as the ‘metric’ to connect u-space to n-space.
The stationary solution Eq.(68) is to be matched to the short-time solution Eq.(53).
We first note that C˜(u − t′) in Eq.(68) is a very sharply peaked function about u = t′
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[19] so that we can approximate the mean occupation number n¯>(t
′) in the long time
limit by its most probable value obtained by setting u→ t in Eq.(71) [19],
n¯>(t
′) = np0 cn2
(√
np0 + ns0 + 1 t
′ − Tq) | ke
)
, (73)
=
np0 (ns0 + 1)
np0 + ns0 + 1
sd2
(√
np0 + ns0 + 1 t
′ | ke
)
. (74)
To first order in x, sd(x|ke) ≈ x so that n¯>(t′) ≈ np0 (ns0 + 1)r2t2 recalling that
t′ = rt. This agrees with O(t) approximation of Eq.(53) n¯<(τ) = (ns0 + 1) sinh2 τ ≈
np0 (ns0 + 1)r
2t2 recalling that τ =
√
np0 r t. Therefore, it is reasonably appropriate to
define t∗ as the overlap time when these two approximations agree. The matching of the
mean number of particles allows us to replace n¯< in the expression for p<(n) in Eq.(54)
by n¯> in Eq.(73) to construct p>(n) as
p>(n, τ) = |c>n (τ)|2 = (ns0 + 1)ns0+1
(
ns0 + n
n
)
n¯n>(τ)
(n¯>(τ) + ns0 + 1)n+ns0+1
, (75)
τ ≡√np0 + ns0 + 1 r t (∼ √np0 r t), (76)
where within our approximations that np0  ns0, 1 we have redefined τ henceforward
for both short-time and long-time quantities by Eq.(76).
As discussed in [19] the quarter period Tq in Eq.(73) is the ‘build up time’ of the
laser pulse, i.e. time in which the mean number of photons (in the case of the laser)
increases from zero to its maximum value np0. In the case of the BH, it would represent
the idealized evaporation time of the BH, in which the total energy of the gravitation
field was emitted into correlated particle/anti-particle pairs. From the expression for
n¯>(τ) in Eq.(73) the quarter period Tq increases very slowly and reaches a maximum
value at
Tq ≈
ke→1
pi
2
+
1
2
ln
(
np0 + ns0 + 1
ns0 + 1
)
. (77)
Since the elliptic parameter ke as defined in Eq.(65) is very nearly unity (depending
only on the initial populations np0 and ns0), the Jacobi elliptic function cn can be well
approximated by the hyperbolic function sech ‖ Eq.(73)
n¯>(τ) ≈ np0 sech2 (τ − (2m+ 1)Tq) , m = 0, 1, . . . , (78)
In the case of the laser this is interpreted as periodic train of pulses separated by a
distance 2Tq. For the case of the BH, the radiation escaping to infinity J+ would not
feed back into the evaporated (‘depleted’) BH and the whole evaporation process could
be considered as analogous to one long ‘laser pulse’ emission.
The expressions n¯<(τ) and n¯>(τ) in Eq.(53) and Eq.(78) (with m = 0, i.e. only
one period of the output pulse) and the expression for Tq in Eq.(77) allow us to more
precisely define the crossover time τ ∗ through the equation
n¯<(τ
∗) = n¯>(τ ∗)⇔ (ns0+1) ζ
2
1− ζ2 = np0
[
1− (ζ − ζTq)
2
(1− ζζTq)2
]
, ζ = tanh τ ∗, ζTq = tanh(Tq),(79)
‖ Analogous results were obtained by Nation and Blencowe [10] using a different analytical approach.
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where we have used sech2x = 1− tanh2 x have expanded out tanh(τ ∗ − Tq) in terms of
ζ and ζTq . Writing ζTq ≈ 1− Tq to first order in the small parameter Tq  1 and using
Eq.(77) yields Tq = 2e
−2Tq = 4e−pi(ns0 + 1)/(np0 +ns0 + 1). Substituting this expression
into Eq.(79) and solving to first order in Tq and  ≡ (ns0 + 1)/np0  1 yields the cross
over time
z∗ ≡ ζ∗2 = tanh2 τ ∗ =
(
2 Tq +
√
2 Tq
− 2 Tq
)2
−→
np0→∞
1
(epi/2/2− 1)2 ≈ 0.506407, (80)
where 0 ≤ z ≡ tanh2 τ ≤ 1.
As a measure of the difference between the early Eq.(54) and late-time Eq.(75)
probability distributions we plot in Fig.(3) the fidelity [10, 9] between ρ<(τ) and ρ>(τ)
defined as
F (τ) = Tr
√
ρ1/2(τ) ρthermal(τ) ρ1/2(τ) =
{
1 z ≤ z∗√∑∞
n=0 p<(n, τ) p>(n, τ) z > z
∗.
(81)
Figure 3. Fidelity Eq.(81) of early Eq.(54) and late-time Eq.(75) analytic solutions
with the standard thermal Hawking radiation state (np(τ) ≡ np0).
Here we treat ρ<(τ) as the usually considered (np(τ) ≡ np0) Hawking thermal
density matrix ρthermal(τ) for all time τ , and ρ = ρ< for z ≤ z∗ and ρ = ρ> for
z > z∗ (z = tanh2 τ). The long-time solution ρ> exhibits deviations from standard
thermal distribution ρ<, due to the coupled nature of the late-time BH particle
production/evaporation state
∑
n c
>
n (τ) |np0 − n〉p|ns0 + n〉s|n〉i¯ which can no longer
be factorized. We explore the consequences of this behavior in the subsequent sections.
3.4. Entanglement produced by Hp,s,¯i
We now investigate the entanglement of the short-time Eq.(50) and long-time state
Eq.(72). We use the log-negativity [40, 41, 21] as the useful bipartite entanglement
measure given by
EN (ρ) = log2[1 + 2N (ρ)], (82)
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where N (ρ) is the sum of the absolute values of the negative eigenvalues of the partial
transpose ρPT on one subsystem of a bipartite density matrix ρ. For short-times the
density matrix given by Eq.(50) has the form ρ
(s,¯i)
< =
∑
n,m cn c
∗
m|n+ns0, n〉s,¯i〈m+ns0,m|,
with partial transpose (on the idler mode) ρ
(s,PTi¯)
< =
∑
n,m cn c
∗
m|n + ns0,m〉s,¯i〈m +
ns0, n|. Following Agarwal [21], for a given n 6= m the Hermitian combination
cn c
∗
m|n + ns0,m〉s,¯i〈m + ns0, n| + c∗n cm|m + ns0, n〉s,¯i〈n + ns0,m| can be written in
diagonal form as |cn cm| (|φ+〉〈φ+| − |φ−〉〈φ−|) with negative eigenvalue −|cn cm|, where
cn c
∗
m = |cn cm| eiθnm and |φ±〉 =
(|n+ ns0,m〉s,¯i ± e−iθnm|m+ ns0, n〉s,¯i) /√2. This
yields EN (ρ) = log2[ 1+
∑
n,m |cn cm| ]. Using the fact that
∑
n |cn|2 = 1 the argument of
the logarithm can be identically written as the square of the sum of the absolute values
of the quantum amplitudes, namely EN (ρ) = log2
[∑
n |cn|
]2
. For short-times, using
cn(τ) from Eq.(51) (and recalling our definition of τ in Eq.(76)) we have
Es,¯iN (ρ<) = 2 log2
[∑
n
|c<n (τ)|
]
= 2 log2
[∑
n
tanhn τ
(cosh τ)ns0+1
√(
ns0 + n
n
)]
,
= 2 log2
[∑
n
(
(1− z)ns0+1 zn
(
ns0 + n
n
))1/2]
, 0 ≤ z ≡ tanh2(τ) ≤ z∗. (83)
The presence of the square root of the binomial term in Eq.(83) prevents the closed form
solution of the summation for ns0 > 0. For ns0 = 0 (the spontaneous emission, Hawking
radiation case) the binomial term is unity and one readily computes the well known
result for the two-mode squeezed vacuum state [21] Es,¯iN (ρ
ns0=0
< ) = 2 log2 [e
τ ] = 2τ/ ln 2
which grows linearly in time.
Due to the specific correlated nature of the out-state |ψ〉out =
∑
n cn|n〉L =∑
n cn|np0 − n〉p|ns0 + n〉s|n〉i¯ which depends on the single index n, we would obtain
the same value for the log-negativity in Eq.(83), namely E
(p,¯i),s
N (ρ<) = E
s,¯i
N (ρ<), for the
bipartite division (p, i¯), s where we partition the states as |ψ〉out =
∑
n cn|ns0 + n〉s|n〉p,¯i
with the definition |n〉p,¯i ≡ |np0 − n〉p|n〉i¯. For short-times this is academic since we
are in the regime where np0  n, ns0, 1, and the state |np0 − n〉p ≈ |np0〉p effectively
factorizes with the remaining signal/idler modes. For the case of long-times where
n ∼ np0  ns0, all modes {p, s, i¯} are correlated and we must to chose a bipartite
division of the system in order to utilize the log-negativity. To make connection to
the short-time discussion above we consider the bipartite division (p, i¯), s to compute
the log-negativity for long-times. Using the expression for n¯>(τ) Eq.(79) in terms of
ζ =
√
z = tanh τ , ζTq = tanhTq and the approximations that led to the cross over time
in Eq.(80) in the limit ke ≈ 1 given by Eq.(65), we can approximate
E
(p,¯i),s
N (ρ>) = 2 log2
[ ∞∑
n=0
|c>n (τ)|
]
,
≈ 2 log2
[ ∞∑
n=0
(
f(z)n
(1 + f(z))n+ns0+1
(
ns0 + n
n
))1/2]
, ke ≈ 1, z∗ ≤ z ≤ 1,(84)
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f(z) = 4 e−pi
(
1 +
√
z
1−√z
)
= 4 e−pi e2τ , (85)
where the expression for |c>n (τ)| in Eq.(84) still satisfies
∑∞
n=0 |c>n (τ)|2 = 1. Again, we
can only perform the sum analytically for the case ns0 = 0 which yields E
(p,¯i),s
N (ρ
ns0=0
> ) =
2 log2
[√
1 + f(z) +
√
f(z)
]
→
τ1
2 τ/ ln 2 + (4 − pi/ ln 2) = Es,¯iN (ρns0=0< ) − 0.53236. In
Fig.(4) we plot the log-negativity for short-times, long-times, and in Fig.(5) plot the
combined formula with crossover time z∗ in Eq.(80) for various values of ns0.
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Figure 4. Log-Negativity: E
(p,¯i),s
N (ρ<) short-times (blue curve) and E
(p,¯i),s
N (ρ>) long-
times (red curve) plotted for 0 ≤ z = tanh2 τ . 1 f r ns0 = 0 (left) and ns0 = 1 (right).
(color online)
Plots
Plot@ LogNeg@z, zstarNum , 0, 1000D, 8z, 0, 1<, PlotRange Æ 80, 10<, AxesLabel Æ 8"z", "LogNegHzL"<,
PlotLabel Æ "LogNegativity : combined : ns0=0"D
0.0 0.2 0.4 0.6 0.8 1.0
z
2
4
6
8
10
LogNeg HzL LogNegativity: combined: ns0=0
Plot@ 8LogNeg@z, zstarNum , 0, 2500D, LogNeg@z, zstarNum , 1, 2500D, LogNeg@z, zstarNum , 2, 2500D,
LogNeg@z, zstarNum , 5, 2500D, LogNeg@z, zstarNum , 10, 2500D<, 8z, 0, 1<, PlotRange Æ 80, 10<,
AxesLabel Æ 8"z", "LogNegHzL"<, PlotStyle Æ 88Blue<, 8Red<, 8Green<, 8Cyan<, 8Magenta<<,
PlotLabel Æ "LogNegativity : combined : \n ns0=80,1,2,5,10<=8Blue, R d, Gree , Cyan, Magenta<"D
$Aborted
Plot@ 8LogNeg@z, zstarNum , 0, 2500D, LogNeg@z, zstarNum , 1, 2500D, LogNeg@z zstarNum , 2 2500D,
LogNeg@z, zstarNum , 5, 2500D, LogNeg@z, zstarNum , 10, 2500D<, 8z, 0, 1<, PlotRange Æ 80, 12<
AxesLabel Æ 8"z", "LogNegHzL"<, PlotStyle Æ 88Blue<, 8Red<, 8Green<, 8Cyan<, 8Magenta<<,
PlotLabel Æ "LogNegativity : combined : \n ns0=80,1,2,5,10<=8Blue, Red, Green, Cyan, Magenta<"D
Plot@ LogNeg@z, zstarNum , 10, 10 000D, 8z, 0, 1<, PlotRange Æ 80, 15<, AxesLabel Æ 8"z", "LogNegHzL"<,
PlotLabel Æ "LogNegativity : combined : ns0=10"D
0.0 0.2 0.4 0.6 0.8 1.0
z
2
4
6
8
10
12
14
LogNeg HzL LogNegativity: combined: ns0=10
Plot@ LogNeg@z, zstarNum , 10, 10 000D, 8z, 0, 0.999<, PlotRange Æ 80, 15<, AxesLabel Æ 8"z", "LogNegHzL"<,
PlotLabel Æ "LogNegativity : combined : ns0=10"D
0.0 0.2 0.4 0.6 0.8 1.0
z
2
4
6
8
10
12
14
LogNeg HzL LogNegativity: combined: ns0=10
Plot@ LogNeg@z, zstarNum , 10, 2000D, 8z, 0, 0.99<, PlotRange Æ 80, 15<, AxesLabel Æ 8"z", "LogNegHzL"<,
PlotLabel Æ "LogNegativity : combined : ns0=10"D
0.0 0.2 0.4 0.6 0.8 1.0
z
2
4
6
8
10
12
14
LogNeg HzL LogNegativity: combined: ns0=10
Plot@ 8LogNeg@z, zstarNum , 0, 2000D, LogNeg@z, zstarNum , 1, 2000D, LogNeg@z, zstarNum , 2, 2000D,
LogNeg@z, zstarNum , 5, 2000D, LogNeg@z, zstarNum , 10, 2000D<, 8z, 0, 0.99<, PlotRange Æ 80, 12<,
AxesLabel Æ 8"z", "LogNegHzL"<, PlotStyle Æ 88Blue, Thick<, 8Red, Thick<, 8Green, Thick<, 8Cyan, Thick<, 8Magenta, Thick<<,
PlotLabel Æ "LogNegativity : combined : \n ns0=80,1,2,5,10<=8Blue, Red, Green, Cyan, Magenta<"D
0.0 0.2 0.4 0.6 0.8 1.0
z
2
4
6
8
10
12
LogNeg HzL LogNegativity: combined:ns0=80,1,2,5,10<=8Blue, Red, Green, Cyan, Magenta<
LogNegLongTimev2 @z_, ns0_, nmax_D :=
2 LogB2, invcoeff J1- z N1+ z
1 + invcoeff
J1- z N
1+ z
ns0+1
SumB Binomial@ns0 + n, nD 1
1 + invcoeff
J1- z N
1+ z
n
, 8n, 0, nmax <FF
zstarNum
0.506407
Log2A„2 tE êê FullSimplify
LogA„2 tE
Log@2D
Log2@„D
1
Log@2D
4 - p ê Log@2D êê N
-0.53236
Figure 5. Log-Negativity: combined E
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A further trace ver the BH pump mode yields a diagonal form for the density
matrix ρs,i =
∑
n |cn(τ)|2 |ns0 + n, n〉s,¯i〈ns0 + n, n| so that its partial transpose has no
negative eigenvalues, leading to Es,¯iN (ρs,¯i) = 0. Thus, in our model, there is formally no
direct bipartite entanglement of the particles of mode s in the exterior (region I) and the
anti-particles of mode i¯ in the interior (region II) of the BH. Instead, there is bipartite
entanglement of the subsystems A = (p, i¯) and B = s. In the usual BH literature where
the BH ’pump’ mode is not modeled (i.e. the short-time ’un-depleted pump’ regime
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np0  n, ns0 in which the pump is implicitly absorbed into the Hamiltonian coupling
constant) the pair of modes A = (p, i¯) → i¯ with the interpretation that the bipartite
entanglement occurs between these two effective modes, s and i¯.
It is worth noting again that the out-state with the three physical (computational)
modes {p, s, i¯} is indexed by a single integer n via |ψ〉out =
∑
n cn|n〉L =
∑
n cn|np0 −
n〉p|ns0 + n〉s|n〉i¯. Hence each subsystem density matrix obtained by tracing out
one or two of the physical modes has the diagonal form ρred =
∑
n |cn|2|n〉L∗〈n|
with identical probability distribution pn = |cn|2 (modulo possible reordering) where
|n〉L∗ = {|ns0 +n〉s|n〉i¯, |np0−n〉p|n〉i¯, |np0−n〉p|ns0 +n〉s, |ns0 +n〉s, |n〉i¯, |np0−n〉p} when
we trace out over {p, s, i¯, (p, i¯), (p, s), (s, i¯)}, respectively. This implies the entropies of
reduced density matrices are all identical, i.e. S ≡ S(ρs,¯i) = S(ρp,¯i) = S(ρp,s) = S(ρs) =
S(ρi¯) = S(ρp). Hence, this state has mutual information [9]
I(A : B) ≡ S(A) + S(B)− S(AB),
= S
for (A,B) ∈ (p, s, i¯), and tripartite information [42] (or in classical information-theory
context, the I-measure)
I3(A : B : C) ≡ S(A) + S(B) + S(C)− S(AB)− S(BC)− S(AC) + S(ABC), (86)
= I(A : B) + I(A : C)− I(A : BC),
= 0, (87)
with (A,B,C) = (p, s, i¯) where we have used S(ρp,s,¯i) = 0 for the pure state ρp,s,¯i =
|ψ〉out〈ψ|.
4. The full Hamiltonian H = Hp,s,¯i +Hp,s¯,i,
We now consider the full Hamiltonian
H = Hp,s,¯i +Hp,s¯,i,
= r(ap a
†
s a
†
i¯
+ a†p as ai¯) + r
′(ap a
†
s¯ a
†
i + a
†
p as¯ ai), (88)
= r (a†pK
(s¯i)
− + apK
(s¯i)
+ ) + r (a
†
pK
(s¯i)
− + apK
(s¯i)
+ ), r
′ = r, (89)
where the first term in Eq.(89) is the trilinear Hamiltonian investigated in the previous
section 3.4 with signal particles s in region I outside the BH and anti-particle idler
modes i¯ in region II just inside the BH. The second term in Eq.(89) is the mode-
reversed situation with anti-particle signal modes s¯ in region I and particle idler modes
i in region II. In the case examined by Adami and Ver Steeg [1] these two modes
pairs (s, i¯) and (s¯, i) were uncoupled due to the constancy of the BH ‘pump’ mode p
occupation number. In our case, these mode pairs are coupled through the pump mode,
in particular at long-times.
The logical states of all modes involved are given by
|n,m〉L = |np0 − n−m〉p|ns0 + n〉s|n〉i¯|ns¯0 +m〉s¯|m〉i, (90)
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where ns0 and ns¯0 are the initial number of particles/anti-particles in the s and s¯ modes
in region I. The output state is given by
|ψ〉out =
∑
n=0
∑
m=0
cn,m(t) |n,m〉L, 0 ≤ n+m ≤ np0, |ψ〉in = |0, 0〉L, (91)
where cn,m(t) = L〈n,m| e−iH t|ψ〉in. Note that the sums in Eq.(A.3) can also be written
as the ordered sums
∑np0
n=0
∑np0−n
m=0 or
∑np0
m=0
∑np0−m
n=0 .
The derivation proceeds in a similar fashion to the previous section, with derivation
details germane to the inclusion of two pairs of modes relegated to Appendix A. A
summary of those results are the following. The cross over time z∗ = (epi/2/2− 1)−2 =
0.506407 (for np0  1) is identical to that given before in Eq.(80).
For short-times z ≤ z∗, we can again factor out √np0, define τ = r√np0 t and
obtain the factorized (separable) amplitudes
cn,m(τ) = c
< (s,¯i)
n (τ) c
< (s¯,i)
m (τ), (92)
c< (s,¯i)n (τ) =
(−i tanh τ)n
(cosh τ)ns0+1
√(
ns0 + n
n
)
, c< (s¯,i)m (τ) =
(−i tanh τ)m
(cosh τ)ns¯0+1
√(
ns¯0 +m
m
)
, (93)
For long times z > z∗, we find similarly to the results of Section 3.3
n¯>(τ) =
ns0 + 1
ns0 + ns¯0 + 2
np0 cn
2 (τ − Tq | ke) , (94)
m¯>(τ) =
ns¯0 + 1
ns0 + ns¯0 + 2
np0 cn
2 (τ − Tq | ke) , (95)
where, with a redefinition of τ within our long-time approximation, we have
τ =
√
np0 + ns0 + ns¯0 + 2, ke =
np0
ns0 + ns¯0 + 2
, cn2 (τ − T | ke) →
ke→1
sech2 (τ − T ) ,(96)
and
Tq = a(ke) +
1
2
ln
(
np0 + ns0 + ns¯0 + 2
ns0 + ns¯0 + 2
)
= a(ke)− 1
2
ln(1− ke), ln 4
ke→0
≤ a(ke) ≤ pi/2
ke→1
. (97)
This allows us to construct p>(n,m, τ) from p<(n,m, τ) analogously to Eq.(75).
5. Entanglement produced by H = Hp,s,¯i +Hp,s¯,i
We now consider the entanglement (as measured by the log-negativity) produced byH =
Hp,s,¯i + Hp,s¯,i for the bipartite partition (s, i¯) and (s¯, i), i.e. the entanglement between
the particle/anti-particle pairs produced in region I/II and the anti-particle/particles
region I/II pairs for the density matrix
ρ(s,¯i),(s¯,i) = Trp [ |ψ〉out〈ψ| ] . (98)
In general, the full output state for both short-time and long-times takes the form of
Eq.(A.2) and Eq.(A.3) repeated here
|ψ〉out =
∑
n=0
∑
m=0
cn,m(t) |n,m〉L, 0 ≤ n+m ≤ np0, |ψ〉in = |0, 0〉L,
|n,m〉L = |np0 − n−m〉p|ns0 + n〉s|n〉i¯|ns¯0 +m〉s¯|m〉i, (99)
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and the two pairs of emitted modes (s, i¯) and (s¯, i) are coupled through the common
pump mode p via their separate production (‘squeezing’) Hamiltonians Hp,s,¯i and Hp,s¯,i.
For short-times np0  n,m, 1 we have |np0−n−m〉p ≈ |np0〉p and the state becomes
separable |ψ<(τ)〉out ≈ |np0〉p⊗
∑∞
n=0 c
<
n (τ) |ns0 +n〉s|n〉i¯
∑∞
m=0 c
<
m(τ) |ns¯0 +m〉s¯|m〉i, ≡
|np0〉p⊗ |ψ<(τ)〉s,¯i ⊗ |ψ<(τ)〉s¯,i with separable density matrix ρ<(s,¯i),(s¯,i) = ρp⊗ρ(s,¯i)⊗ρ(s¯,i).
Taking the partial transpose on the (s¯, i) subsystem yields the positive density matrix
ρ
PT(s¯,i)
(s,¯i),(s¯,i)
= ρp⊗ρ(s,¯i)⊗ρT(s¯,i) with no negative eigenvalues and hence a zero log-negativity,
E
(s,¯i),(s¯,i)
N (ρ<) = 0.
However, a state of the form given in Eq.(99) formally has the density matrix
ρ(s,¯i),(s¯,i) = Trp [ |ψ〉out〈ψ| ] ,
=
∑
n,m
∑
n′,m′
cn,m(t) c
∗
n′,m′ δn′+m′,n+m|n〉s,¯i|m〉i¯,s s,¯i〈n′| i¯,s〈m′|, (100)
|n〉s,¯i = |ns0 + n〉s |n〉i¯, |m〉s¯,i = |ns¯0 +m〉s¯ |m〉i,
where the entangling coefficient arises in the trace over the pump from δn′+m′,n+m =
p〈np0 − n′ − m′|np0 − n − m〉p. If we were to make the short-time approximation
np0 − n − m ≈ np0 this factor would be come unity p〈np0|np0〉p = 1, and the state
in Eq.(100) would become separable. In the following, we keep the correlated form of
ρ(s,¯i),(s¯,i) in Eq.(100) and examine the log-negativity for both short-times and long-times.
Repeating the procedure for developing a formula for the log-negativity in Section
3.4 we consider the Hermitian combinations that arise in the partial transpose on
subsystem (s¯, i), cn,m c
∗
n′,m′ |n〉s,¯i|m′〉i¯,s s,¯i〈n′| i¯,s〈m|+h.c. for (n,m) 6= (n′,m′). Assuming
that the quantum amplitude factorization cn,m = c
(s,¯i)
n c
(s¯,i)
m holds for late-times as well as
short-times as in Eq.(A.5), we can again write the previous Hermitian combinations of
states in diagonal form with a negative eigenvalue |c(s,¯i)n c(s¯,i)m c(s,¯i)n′ c(s¯,i)m′ | appearing in front
of the state |φ−〉〈φ−| where |φ±〉 = 1/
√
2
(|n〉s,¯i|m′〉i¯,s ± e−i(θn+θm−θn′−θm′ ) |n′〉s,¯i|m〉i¯,s),
with c
(s,¯i)
n = |c(s,¯i)n | eiθn , etc. . . The state |φ−〉 vanishes (and hence produces no negative
eigenvalue) only for the case (n,m) ≡ (n′,m′), i.e. if the ‘correlating’ coefficient in
Eq.(100) factorizes to δn′,n δm′,m. Thus, the log-negativity is given by the expression
E
(s,¯i),(s¯,i)
N (ρ) = log2
[
1 +
∑
n,m
∑
n′,m′ |cn,m cn′,m′|δn′+m′,n+m (1− δn′,n δm′,m)
]
. Using the
fact that
∑
n,m |cn,m|2 = 1 this can be reduced to
E
(s,¯i),(s¯,i)
N (ρ) = log2
[∑
n,m
∑
n′,m′
|c(s,¯i)n c(s¯,i)m c(s,¯i)n′ c(s¯,i)m′ | δn′+m′,n+m
]
,
= log2
 ∞∑
m=0
(
m∑
n=0
|c(s,¯i)n c(s¯,i)m−n|
)2  , (101)
Using the results of the previous section we obtain the expressions for the short-time
and long-time log-negativity as
E
(s,¯i),(s¯,i)
N (ρ<) = log2
(
(1− z)ns0+ns¯0+2
∞∑
m=0
λ2m z
m,
)
, 0 ≤ z ≡ tanh2(τ) ≤ z∗ (102)
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λm =
m∑
n=0
√(
ns0 + n
n
) (
ns¯0 +m− n
m− n
)
, (103)
E
(s,¯i),(s¯,i)
N (ρ>) = log2
(
1
(1 + f(z))ns0+ns¯0+2
∞∑
m=0
λ2m
(
f(z)
1 + f(z)
)m)
, ke ≈ 1, z∗ ≤ z ≤ 1,(104)
f(z) = 4 e−pi
(
1 +
√
z
1−√z
)
= 4 e−pi e2τ . (105)
Again, due to the presence of the square root of the binomial coefficients, these formulas
can only be computed analytically in the case ns0 = ns¯0 = 0 yielding
E
(s,¯i),(s¯,i)
N (ρ<)
∣∣∣
ns0=ns¯0=0
= log2
(
1 + z
1− z
)
= log2 cosh 2τ →
τ1
2τ
ln 2
− 1, (106)
E
(s,¯i),(s¯,i)
N (ρ>)
∣∣∣
ns0=ns¯0=0
= log2 (1 + 2 f(z)) →
τ1
log2
(
8e2τ−pi
)
=
2τ
ln 2
+ (3− pi/ln 2).(107)
In Fig.(6) and in Fig.(7) below we plot the log-negativity E
(s,¯i),(s¯,i)
N (ρ) for both short-
times, long-times and using the combined formula with the crossover time z∗ = 0.506407.
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Fig re 6. Log-Negativity: E
(s,¯i),(s¯,i)
N (ρ<) short-times (blue curve) and E
(s,¯i),(s¯,i)
N (ρ>)
long-times (red curve) plotted for 0 ≤ z = tanh2 τ . 1 for ns0 = ns¯0 = 0 (left) and
ns0 = 10, ns¯0 = 0 (right). (color online)
The quantum amplitude factorization cn,m(τ) = c
(s,¯i)
n (τ) c
(s¯,i)
m (τ) indicates that
the Hawking pairs (s, i¯) and (s¯, i) are essentially produced independently, though
from a common source, the BH ‘pump’ mode p. This leads (when trac-
ing over mode p) to an entangling term p〈np0 − n′ − m′|np0 − n − m〉p =
δn′+m′,n+m which entangles the two pairs. The number of particles n + m re-
moved from the BH mode p can appear in many combinations in the two pairs
{[(n+m)s,¯i, 0s¯,i] , [(n+m− 1)s,¯i, 1s¯,i] , . . . , [1s,¯i, (n+m− 1)s¯,i)], [0s,¯i, (n+m)s¯,i)]} such
that the sum n + m remains constant for fixed n and m. Thus, it is the common BH
source mode p that is the source of the entanglement of the two pairs (s, i¯) and (s¯, i), a
feature not found in the usual considerations of Hawking radiation. Such entanglement
would be difficult to observe since each pair incorporates the standard entanglement
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Figure 7. Log-Negativity: combined E
(s,¯i),(s¯,i)
N (ρ<) short-time and E
(s,¯i),(s¯,i)
N (ρ>)
long-time formulas with crossover time z∗ = 0.506407 Eq.(80) in the limit np0 → ∞
for ns0 = (0, 1, 2, 5, 10) (lowest to highest curve) and ns¯0 = 0. (color online)
across the BH horizon for individual pair, as well as a ‘cross-entanglement’ due to the
common source mode p.
The fact that the full pure quantum state involving all modes p, s, i¯, s¯, i is entangled
across the horizon, vs. a product (or in general, a separable) state, argues against the
necessity for the concept of a BH firewall at the horizon [14, 15, 16]. A further trace (as
described in the next section) over the inaccessible degrees of freedom, the conventionally
considered interior region II modes i¯, i, and now, also including the BH ‘pump’ source
mode p, leads to a separable reduced region I density matrix ρs,s¯ = ρs ⊗ ρs¯ for the
outgoing Hawking radiation, which is in fact a two-mode thermal state.
6. Holevo capacity χs,s¯(z)
We now have all the components necessary to compute the channel (Holevo) capacity
of Adami and Ver Steeg [1] as described in Section 2. Here we are interested in the
reduced density matrix ρs,s¯ of the emitted particle/anti-particles in region I. If we
take the density matrix ρ(s,¯i),(s¯,i) of Eq.(100) and further trace out over the particle and
anti-particle idler modes (i, i¯) in region II we obtain
ρ(s,s¯) = Trp,i,¯i [ |ψ〉out〈ψ| ] ,
=
∑
n,m
∑
n′,m′
cn,m(t) c
∗
n′,m′ δn+m,n′+m′ δn,n′ δm,m′ ,
=
∑
n
|c(s)n |2 |ns0 + n〉s〈ns0 + n| ⊗
∑
n′
|c(s¯)n′ |2 |ns¯0 + n′〉s¯〈ns¯0 + n′|, (108)
≡ ρs ⊗ ρs¯,
where the extra delta functions have come from δn′,n δm′,m = i〈n′|n〉i i¯〈m′|m〉i¯. Here
ρs and ρs¯ are given by Eq.(16) which Adami and Ver Steeg denoted as ρk|m (where
m → ns0, ns¯0 in our notation). The additional trace over the inaccessible (to the
outside observer in region I) region II modes (¯i, i) yields the conventional result that
Parametric down conversion with depleted a pump and quantum black holes 28
the observable Hawking radiation (in region I) is uncorrelated (i.e. in a product of
thermal states).
For our formulation, we use the short-time and long-time probabilities given in
Eq.(83) and Eq.(84)
p<(n, z) = |c<n (z)|2 = (1− z)ns0+1 zn
(
ns0 + n
n
)
, , 0 ≤ z ≤ z∗, (109)
p>(n, z) = |c>n (z)|2 =
1
(1 + f(z))n+ns0+1
(
f(z)
1 + f(z)
)n (
ns0 + n
n
)
z∗ ≤ z ≤ 1, (110)
f(z) = 4 e−pi
(
1 +
√
z
1−√z
)
= 4 e−pi e2τ . (111)
where we note that
p>(n, z) = p<(n, f(z)/ [1 + f(z)] ). (112)
In Fig.(8) below we plot the Holevo capacity χs,s¯(z) for the reduced particle/anti-
particle density matrix ρs,s¯ in region I. For short times, the formula is the same as
Eq.(40) χ
(AV S)
s,s¯ (z) in Adami and Ver Steeg [1]
χ<s,s¯(z) = 1−
1
2
(1−z)3
∞∑
m=0
zm(m+1)(m+2) log(m+1)+(1−z)2
∞∑
m=0
(m+1) log(m+1).(113)
For long-times, χ>s,s¯(z) is obtained from χ
<
s,s¯(z) by the substitution z → f(z)/(1 + f(z))
with f(z) given by Eq.(111)
χ>s,s¯(z) = χ
<
s,s¯ (f(z)/[1 + f(z)]) , (114)
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Figure 8. (Left): χ<s,s¯(z) short-times (blue curve -also Adami and Ver Steeg Eq.(40)
[1]) and χ>s,s¯(z) long-times (red curve), plotted for 0 ≤ z = tanh2 τ . 1. (Right) χs,s¯(z)
combined formula with crossover time z∗ = 0.506407 Eq.(80) in the limit np0 →∞.
Most curious is that while the short-time and long-time expression for the Holevo
capacity χ cross at z∗ = 0.506407 Eq.(80) in the limit np0 → ∞ as seen in the left
figure in Fig.(8), they both also reach the same terminal value at z = 1 due to the
factors of 1 − z in χ<s,s¯(z) in Eq.(114) and the fact that both z and f(z)/(1 + f(z))
approach unity as z → 1.
Parametric down conversion with depleted a pump and quantum black holes 29
The main conclusion to be drawn from these results is that even treating the BH
particle production/evaporation as analogous to parametric down conversion with a
depleted pump mode (the later modeling the state of the evaporating BH), the results
of the Holevo capacity calculation for the ρs,s¯ is essentially the same as that found by the
work Adami and Ver Steeg [1], namely that at infinite rapidity z = 1, the Holevo capacity
is non-zero. Thus, while the particle/anti-particle (s, i¯) and anti-particle/particle (s¯, i)
production in region I/II is entangled through the BH ‘pump’ mode p (and hence have
a non-zero log-negativity), the outgoing particle/anti-particle (s, s¯) pairs in region I
remain separable (i.e. zero log-negativity). The result χ<s,s¯(z) of this section is identical
to that of the calculation χ
(AV S)
s,s¯ (z) by Adami and Ver Steeg in the regime 0 ≤ z ≤ z∗,
while the result χ>s,s¯(z) is slightly larger than that of Adami and Ver Steeg’s result in the
regime z∗ ≤ z ≤ 1, with both having the same value at z = 1. The implication here is
equivalent to that of Adami and Ver Steeg [1] that the infalling matter is reradiated back
out as a stimulated emission in combination with the spontaneously emitted Hawking
radiation.
7. Gray-body factors with beam splitter Hamiltonian
In this section we want to repeat the channel capacity for χ, but now in the presence of
a beam splitter Hamiltonian
Hs,cbs = θk(a
†
s ac + as a
†
c) (115)
which affects the non-perfect absorption of the BH, by scattering in-coming late-time
region I modes c from outgoing region I modes a just outside the horizon. As discussed
previously, the full Hamiltonian (changing from the (k,−k) to p, (s, i¯), (s¯, i) mode
notation)
H = Hp,s,¯i +Hp,s¯,i +Hs,cbs ≡ Hs,¯isq +H s¯,isq +Hs,cbs
= r(ap a
†
s a
†
i¯
+ a†p as ai¯) + r
′(ap a
†
s¯ a
†
i + a
†
p as¯ ai) + θk(a
†
s ac + as a
†
c)
treats the situation where both the squeezing (Hsq) between the pump mode p and
the two pair of modes (s, i¯) and (s¯, i) takes place simultaneously with the gray-body
scattering (Hbs) between the region I modes (a, c) and yields a late-time (on J+)
observed mode
A = e−iHaseiH = α as − β a†i¯ + γ ac
= cosh r cos θ as − sinh r a†i¯ + cosh r sin θ ac. (116)
However, we can take a much simpler approach and consider successive (in time)
transformations ¶
A = e−iH
s,c
bs
(
e−iH
s,¯i
sq ase
−iHs,¯isq
)
eiH
s,c
bs (117)
¶ The successive squeezing followed by beam-splitter transformations reproduce the gray-body results
of Adami and Ver Steeg [1].
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which also reproduce the late-time observed mode Ak in Eq.(116). Physically, one is
considering the case in which the signal/idler pairs are first produced by the interaction
with the BH, and subsequently the mode a undergoes a region I scattering by Hbs
with a in-coming late time mode c. The beam splitter transformation affects the
transformations
e−iH
s,c
bs ase
iHs,cbs = cos θ as + i sin θac, (118)
e−iH
s,c
bs ace
iHs,cbs = cos θ ac + i sin θac. (119)
Under Hs,cbs Fock states |n〉a|n′〉c are transformed into states of the form∑n+n′
p=0 fp(n, n
′) |p〉s|n+n′− p〉c since the total particle number a†sas + a†cac is preserved.
Here fp(n, n
′) is given by [21] fp(n, n′) =
∑n
q=0
∑n′
q′=0 δp,q+q′
(
n
q
)(
n′
q′
)
((q + q′)!(n +
n′ − q − q′)!/(n!n′!))1/2(cos θ)n′+q−q′ (−i sin θ)n−q+q′ .
7.1. Quantum states for sending a ‘0’ and a ‘1’
For the channel capacity calculation we now send a ‘0’ with in-state |ψ〉(0)in and send a
‘1’ with in-state |ψ〉(1)in given by
|ψ〉(0)in = |np0〉p|0〉s|0〉i¯|1〉c|0〉s¯|0〉i¯, (120)
|ψ〉(1)in = |np0〉p|0〉s|0〉i¯|0〉c|1〉s¯|0〉i¯, (121)
where in Eq.(B.1) there is now 1 input boson in mode c vs 1 in the early-time mode a
(both region I), and in Eq.(B.2) there is still 1 input boson in the region I mode s¯, as
considered previously in section 2. The construction of the output quantum states and
their corresponding probability distributions is straightforward but somewhat involved
due to the beam splitter transformation acting on Fock states discussed at the end of
the previous section. The details are relegated to Appendix B.
7.2. Holevo capacity with beam splitter
With the probabilities { p(s)k (0), p(s)k (1)} and {p(s¯)m (0), p(s¯)m (1)} utilized to send a ‘0’ and
a ‘1’ computed in ??, we can now compute the Holevo channel capacity in the presence
of the beam splitter as
χ(s,s¯)(z, θ) = max
p
S
[
p ρ(s)(0)⊗ ρ(s¯)(0) + (1− p) ρ(s)(1)⊗ ρ(s¯)(1)]
− p (S[ρ(s)(0)] + S[ρ(s¯)(0)])− (1− p) (S[ρ(s)(1)] + S[ρ(s¯)(1)]) ,
≡ H
[
p p
(s)
k (0) p
(s¯)
m (0) + (1− p) p(s)k (1) p(s¯)m (1)
]
− p
(
H[p
(s)
k (0)] +H[p
(s¯)
m (0)]
)
− (1− p)
(
H[p
(s)
k (1)] +H[p
(s¯)
m (1)]
)
. (122)
The Holevo or channel capacity is the value of χ(z, θ, p) maximized over p, which occurs
for the value p = 1/2. The entropies for the various component density matrices are
plotted in Fig.(9) for θ = pi/4 (a 50:50 beam splitter) for illustration and for p = 1/2.
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Here, we again use Eq.(80) and Eq.(85)
f(z) = 4 e−pi
(
1 +
√
z
1−√z
)
= 4 e−pi e2τ ,
z∗ ≡ ζ∗2 = tanh2 τ ∗ −→
np0→∞
1
(epi/2/2− 1)2 ≈ 0.506407,
to plot the long-time behavior of χ as a function of z for z > z∗ in the limit np0  1.
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Figure 9. Entropies (combined short and long time formula with crossover time
z∗ = 0.506407 Eq.(80) in the limit np0 → ∞) for various probability distribution
involved in the computation of χs,s¯(z, θ = pi/4) (where ρI(0) is used to send ‘0,’ and
ρI(1) to send ‘1’). (blue): (solid) S[ρ
s¯
I(0)], (dashed) S[ρ
s¯
I(1)]; (red):(solid) S[ρ
s
I(0)] ,
(dashed) S[ρsI(1)]; and (black): S[ρ
s,s¯
I ]
∣∣
p=1/2
(maximized at p = 1/2). (color online)
In Fig.(10) we plot χ(z, θ) for θ = (0, pi/8, pi/4, 3pi/8, 3.75pi/8, pi/2). From equation
Comparison of c plots with zcrossover: q={0, p/8, p/4, 3p/8, 3.75p/8, p/2}, p=0.5
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Figure 10. χs,s¯(z, θ) combined formula with crossover time z
∗ = 0.506407 Eq.(80) in
the limit np0 → ∞ and maximized for p = 1/2, for various values (bottom to top) of
θ = (0, pi/8, pi/4, 3pi/8, 3.75pi/8, pi/2) ↔ (black, blue, red, magenta, cyan, green). The
beams splitter transmissivity is cos2 θ; the BH absorptivity is |α|2 = cos2 θ cosh2 r.
(color online)
Eq.(116) for the observed late-time mode A on J+ the single-quantum absorption
probability of the BH is given by α2 = cos2 θ cosh2 r for a beam splitter transmissivity
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of cos2 θ. In Fig.(10), the minimum χ occurs for θ = 0 (lower black dashed curve)
corresponding to a the maximum absorption probability (zero reflectivity) for a given
value of the rapidity r (which determines the BH temperature via z = tanh2 τ = e−ω/T .
It is interesting to note that his curve is essentially indistinguishable from the (blue)
curve for the value θ = pi/8, with non-zero reflectivity. Note that any non-zero value
of the beam splitter reflectivity θ > 0 increases the channel capacity χ. For the
case θ = pi/2 we obtain the maximum and constant value of χ = 1 for all z. This
corresponds to the very special case of a perfectly reflecting beam splitter, i.e. effectively
a mirror (though the states in Eq.(B.6) and Eq.(B.3) are entangled), which effects the
transformation a†s → −i a†c and a†c → −i a†s, which perfectly reflects the incoming c mode
into the outgoing a mode in region I and visa versa - a very unusual BH (essentially a
‘white hole’ [2]).
7.3. Discussion
The above result that χ = 1 at θ = pi/2 for all z simply indicates that the infalling
late-time mode c is perfectly reflected into the observed outgoing mode s by the ‘beam-
splitter’ scattering process with transmittance cos2 θ. For the opposite end of unit
transmittance θ = 0, we obtain a result similar to that of Adami and Ver Steeg [1],
namely that the channel capacity is non-zero at infinite time (z = 1), even when
evaporation of the BH is taken into account by our dynamical BH-as-PDC model.
For the case θ = 0 (unit ‘beam-splitter’ transmittance) our result differs from that
of Bra´dler and Adami [2] who find that a perfectly absorbing BH (α = 0) has zero
channel capacity at infinite time. The difference stems from the definition of the
BH absorptivity α2 considered. Both sets of author use Sorkin’s [28] definition of
the outgoing mode in the presence of the unitary ‘beam-splitter’ scattering process
as A = e−iHaseiH = α as − β a†i¯ + γ ac, such that α2 − β2 + γ2 = 1. However, we further
use the definition in Eq.(116) that A = cosh r cos θ as − sinh r a†i¯ + cosh r sin θ ac with
α2 = cosh2 r cos2 θ
∣∣
θ=0
= cosh2 r yielding a finite BH absorptivity for unit transmittance
of the ‘beam-splitter.’ Thus, in our definition Eq.(116) we can never obtain the limit of
a perfectly absorbing BH α = 0 even at unit ‘beam-splitter’ transmittance scattering.
Our results are consistent with those of Bra´dler and Adami for an imperfectly absorbing
BH, α > 0.
8. On the Page Information in the BH radiation
The generally accepted conventional wisdom for when information leaks out of the
BH stems from the seminal 1993 work of Page in which he calculated (i) the average
information in a subsystem [29] and (ii) then applied this to the information in the
BH radiation [30]. The main result of this work is the Page time which is roughly
half the evaporation time of the BH when the information in the outgoing Hawking
radiation becomes appreciable. Here we briefly review the main results of Page’s
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work and then compute the same relevant quantities for the case of the Hamiltonian
Hp,s,¯i = r(ap a
†
s a
†
i¯
+ a†p as ai¯).
8.1. Review of Page’s results
In the first paper, The average entropy of a subsystem [29], Page considers a random pure
state of fixed dimension N = mn selected from the Haar measure, which is proportional
to the standard geometric hypersurface volume on the unit sphere S2mn−1 which those
unit vectors give when the mn-complex-dimensional Hilbert space is viewed as the 2mn-
real-dimensional Euclidean space. The integer divisors m,n of N are considered as the
dimensions subsystems A and B respectively, taking without loss of generality, m < n.
The goal is to compute the average entropy 〈SA〉 = Sm,n (with respect to the Haar
measure) and the information Im,n = (SA)max − 〈SA〉 = lnm− Sm,n. The end result of
this work is the following [29]: Sm,n =
∑mn
k=n+1 1/k − (m − 1)/(2n) ≈ lnm − m/(2n)
for 1  m ≤ n. The conclusion drawn from this work is that for a typical pure state
of the composite system, (i) very little of the information, roughly m/(2n) units, are in
the correlations within the smaller subsystem A itself, (ii) roughly lnn− lnm+m/(2n)
units are in the correlations within the larger subsystem B itself, and (iii) the remaining
roughly 2 lnm−m/n units of information are in the correlations between the larger and
smaller subsystems.
In the second paper Information in black hole radiation [30] subsystem A of
dimension m is taken to be the Hawking radiation of the BH, system B of dimension n.
The subsystems A and B are assumed to be correlated via the composite random pure
state |ψ〉AB, such that ρA = TrB[|ψ〉AB〈ψ|], and ρB = TrA[|ψ〉AB〈ψ|]. To model this,
Page considers a large integer N = mn = 291, 600, which has 105 integer factors m.
For m ≤ n he computes Sm,n =
∑mn
k=n+1 1/k − (m − 1)/(2n), while for m > n he uses
Sm,n =
∑mn
k=m+1 1/k − (n− 1)/(2m), while in both regimes Im,n = lnm− Sm,n. This is
plotted in Fig.(11) below.
Figure 11. Page entropy of BH radiation (solid) Sm,n and information (dashed)
I = lnm − Sm,n vs lnm for mn = 291, 600 after [30]). The interpretation is that
the information in the BH leaks out into the outgoing radiation at roughly half the
evaporation (Page) time of the BH.
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8.2. Page information with the trilinear Hamiltonian Hp,s,¯i
For the dynamical model considered in this present work we plot (Fig.(12), left) the
mean occupations number n¯s, n¯p of signal and pump particles using the state |ψ〉out =∑
n cn|n〉L =
∑
n cn|np0 − n〉p|ns0 + n〉s|n〉i¯ for the Hamiltonian Hp,s,¯i = r(ap a†s a†i¯ +
a†p as ai¯). For the BH radiation subsystem we take ρA = ρs =
∑np0
n=0 |cn|2|ns0+n〉s〈ns0+n|,
and set ns0 = 0 for simplicity. We numerically solve the quantum amplitude equations
Eq.(47) with np0 = 255 = 2
8 − 1 and take |ψ(0)〉in = |0〉L = |np0〉p|0〉s|0〉i¯, although the
behaviors exhibited below are qualitatively similar once np0  ns0, involving essentially
a change in scale depending on the choice of np0. We also plot results vs τ ≡ rt instead of
vs. z = tanh2 τ since the latter tends to compress details for large times (roughly τ > 5,
corresponding to z = 0.999818, for np0 = 255). In the right plot of Fig.(12) we plot the
variances ∆ns, ∆np, where n¯s =
∑
n n pn, n¯p =
∑
n(np0 − n) pn, ∆n2s =
∑
n(n− n¯)2 pn,
and ∆n2p =
∑
n ((np0 − n)− n¯p)2 pn.
Figure 12. (left) Mean number n¯s, n¯p of (solid) signal and (dashed) pump particles,
(right) variances ∆ns = ∆np, vs τ from numerical evolution of quantum amplitude
equations Eq.(47).
In the left plot Fig.(12) we see the oscillatory behavior of the mean number of signal
and pump particles. For τ ≤ 1, (z ≤ 0.58) and even up to times τ ≤ 2, (z ≤ 0.93) we
are in the short-time regime where n¯p(τ) ∼ np0  n¯s(τ), and dn¯s/dτ and dn¯p/dτ are
relatively flat. At τ = 3.49, (z = 0.996) the populations become equal n¯p(τ) = n¯s(τ).
During times 2 ≤ τ ≤ 4.39, (0.93 ≤ z ≤ 0.999434) the BH pump rapidly depletes
roughly 80% (a phenomena known in the quantum optics community, see also [35]) of
its particles into the signal, with an almost complete reversal of roles population-wise of
the pump and the signal at τ = 4.39 where dn¯p/dτ = 0. Beyond this time the dynamical
model is no longer a valid physical representation of BH evaporation since dn¯p/dτ > 0
corresponds to the situation where the Hawking radiation flows back into the BH. In
the right plot of Fig.(12) we observe the variances ∆ns, ∆np rise rapidly, reaching a
peak at τ = 3.49, and their first minimum at τ = 4.39.
To investigate the Page information we follow Page’s second paper [30] and [10]
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and define the information as
I(τ) = Sthermal(τ)− S(ρs(τ)), (123)
where Sthermal is the effective thermal distribution ρthermal(zthermal) with probability
distribution given by pthermaln = (1− zthermal) znthermal (Eq.(54) for ns0 = 0) with
zthermal = n¯s/(n¯s + 1), and n¯s computed from ρs(τ) = Trp,¯i [|ψ(τ)〉〈ψ((τ))|]. We further
model the evolution utilizing |ψ(0)〉in = |α〉p|0〉s|0〉i¯ with the pump in an initial coherent
state |α〉p = e−|α|2/2
∑∞
m=0 α
m/
√
m! |m >p, with corresponding new quantum amplitude
equations for the pure state vector
|ψ〉out =
∞∑
np0=0
np0∑
n=0
cnp0,n|np0, n〉L =
∞∑
np0=0
np0∑
n=0
cnp0,n|np0 − n〉p|ns0 + n〉s|n〉i¯, (124)
|ψ〉in = |α〉p|0〉s|0〉i¯, n¯p(0) = α2 = 35, ∆np(0) = α = 5.92
The above equations reveal that each Fock state |np0−n〉, with non-negligible probability
distribution under the coherent state |α〉p, evolves independently, as in the previous
sections. This leads to evolution curves for each np0 which oscillate in time at slightly
different frequencies. The eventually leads to a ’collapse’ phenomena (well studied in
the quantum optics community, see e.g. [21]) when all the initially in-phase oscillating
curves de-phase after some time (with longer, periodic Poincare’ recurrences), with n¯p
reaching a long-time quasi-steady state of roughly 80% of it’s initial mean of |α|2, and
n¯s correspondingly reaching roughly 20% of |α|2.
To define the effective dimension of the subsystem ρs Nation and Blencowe [10]
utilized the definition from Popescu et al. [43]
d˜effi =
1
Tr
[
(ρi,thermal)
2] = 1 + zthermal1− zthermal = 2 n¯i + 1, , i ∈ {p, s, i¯}, (125)
with ρi,thermal(zthermal) defined above. Here Tr[ρ
2] is the purity of the state ρ, and d˜effi
is constructed to capture the number of states with non-negligible probability under the
its variance.
We will instead utilize the definition
deffi = 1 + ∆ni = 1 +
[〈ψ|nˆ2i (τ)|ψ〉 − 〈ψ|nˆi(τ)|ψ〉2]1/2 . (126)
with nˆi = a
†
i ai and variances (∆ni)
2 = out〈ψ|(ni − n¯i)2|ψ〉out. This definition directly
measures the number of states with non-negligible probability under the probability
distribution. For a Fock state |n〉 we have deffFock = 1 and for the thermal state we have
deffthermal =
√
n¯ (n¯+ 1) ≈ n¯ for n¯ 1.
In the left plot of Fig.(13) we show the mean populations (black-solid) n¯s, (black-
dashed) n¯p, and the effective dimensions (gray-solid) d
eff
s and (gray-dashed) d
eff
p . The
effective dimensions, proportional to the variances of ρs and ρp, are equal at τ ≈ 0.34.
The populations, essentially the variances of ρs,thermal and ρp,thermal for large n¯s, n¯p, are
equal n¯p = n¯p at τ ≈ 0.41. The BH ‘pump’ population n¯p reaches its minimum value
dn¯p/dτ = 0 (again, with n¯p about 80% of its initial value) at τ ≈ 0.55, where the model
ceases to be a physical representation of BH evaporation. In the right plot of Fig.(13)
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Figure 13. (Left) mean populations (black-solid) n¯s, (black-dashed) n¯p, and effective
dimensions (gray-solid) deffs = 1 + ∆ns and (gray-dashed) d
eff
p = 1 + ∆np, Eq.(126).
(Right) (black-solid) S(ρthermal) and (black-dashed) S(ρs).
we show S(ρthermal) and S(ρs) and observe that the latter begins to show deviations
(S(ρs) < S(ρthermal)) just around the time when d
eff
s ≈ deffp , i.e. when the variances of
ρs and ρp approach equality.
In the left plot of Fig.(14) we show the Page Information (black-solid) Eq.(123),
which begins to become non-negligible when ∆deff = deffp −deffs ≈ 0 (variance difference
of ρthermal and ρs), which we have scaled to its maximum value (black-dashed) to more
clearly note its zero crossing. We also plot the scaled difference of the populations
Figure 14. (left): (black-solid) Page information I(τ) Eq.(123) from numerical
simulation of Eq.(124), (black-dashed) ∆deffscaled ≡ (deffp − deffs )/max(deffp − deffs )
and (gray-dashed) ∆n¯scaled ≡ (n¯p− n¯s)/max(n¯p− n¯s). (right): Page information from
single period analytic solutions (Eq.(54) and Eq.(75)) of ρ<(z) for z ≤ z∗ = 0.506407
and ρ>(z) for z > z
∗, with Sthermal ≡ S(ρ<) for all z.
∆n¯scaled ≡ (n¯p− n¯s)/max(n¯p− n¯s) (gray-dashed) to more clearly note the zero-crossing
of the approximate variance difference (for large n¯p, n¯s) of S(ρp,thermal) and S(ρs,thermal).
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We also observe a peak in the information I(τ) at the time when dn¯p/dτ ceases to be
negative. As a means of comparison, in the right plot of Fig.(14) we show the Page
information from single period analytic solutions (Eq.(54) and Eq.(75)) of ρ<(z) for
z ≤ z∗ = 0.506407 and ρ>(z) for z > z∗. The abrupt turn on of the Page information
at z∗ is a consequence of our utilization of the definition Sthermal ≡ S(ρ<) for all z.
8.3. Discussion
The conclusion from these results is that the trilinear Hamiltonian as a simplified (zero-
dimensional) model of BH particle production/evaporation does reproduce the Page
Information results [30] precisely because it incorporates the non-thermal behavior of the
long time Hawking radiation as the BH ’pump’ source dynamically transfers populations
into the signal and idler modes during evaporation (similar results were also obtained
by Nation and Blencowe [10]). In addition, we conclude that Page’s assertion that the
information becomes non-negligible essentially around the time the BH has deposited
half its population into the Hawking radiation n¯p = n¯s can also be interpreted as the
time when the variance of the BH particle number becomes equal to the variance of
the number of particles in the Hawking radiation ∆np = ∆ns, under an evaporating
BH (with a dynamical BH ’pump’). The widely known results (in the quantum optics
community) that under the trilinear Hamiltonian the pump rapidly depletes roughly
80% of its population into the signal and idler modes at dn¯p/dτ = 0
+ would most
likely have to be modified in a more complete open-system model (master equation see
[8]) which more carefully models the transport of the Hawking radiation away from the
trilinear Hamiltonian interaction region. This would lead to a completely evaporated
BH with n¯p = 0 when dn¯p/dτ = 0 for the very first time (analogous to the single laser
‘burst’ discussed after Eq.(78)).
The salient point of the above simulation is that the short-time behavior utilizing
|ψ(0)〉in = |α〉p|0〉s|0〉i¯ is effectively that of |ψ(0)〉in = |np0〉p|0〉s|0〉i¯ with np0 = |α|2,
the Fock number state corresponding to the mean of the coherent state |α〉p, since for
early times all the Fock pump number states under |α〉p remain approximately in-phase.
Hence, the left plot of Fig.(13) for short-times (until the first crossing n¯s = n¯p) and
for long-times until dn¯p/dτ = 0 is nearly identical for both initial conditions, Fock and
coherent state of the BH ’pump’ source. Again, the dimension of both ρs and ρp rises
rapidly to a common saturated value ≈ O(np0/2), as the variances steadily equilibrate
in time. This means that the analytic results of the previous sections using a Fock
number state for the initial state of the BH |ψ(0)〉in = |np0〉p|0〉s|0〉i¯ give qualitatively
equivalent results when using a more reasonable initial condition utilizing a coherent
state pump.
+ And also in steady state, at very long times where the validity of this model for BH particle
production/evaporation ceases to be physical since n¯p repeatedly passes through regimes of dn¯p/dτ > 0.
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9. Monogamy of Entanglement Considerations
As a step toward considering issues concerning the monogamy of entanglement [11, 7, 42]
during the process of BH evaporation, we consider two scenarios below of entanglement
of the outgoing Hawking radiation mode s with an external region I mode c. Though we
do not explicitly model scenarios in which two participants fall behind the BH horizon in
an effort to observe entanglement (as in [11] and references therein), we do purport that
our model does have something germane to say on the issue of entanglement distributed
amongst the various modes involved.
The principle of monogamy of entanglement [11, 44, 45] asserts that if quantum
systems A and B are maximally entangled, then neither can be correlated with any
other system. In the following we will take subsystem A to be s, and subsystem B to
be the external mode c under the scenarios (i) c is initially maximally entangled with s,
the later of which falls inward and contributes to the formation of the BH and (ii) c is
initially separable with s, but at late-times c falls inward and scatters off the formed BH.
In the first case (i) we will see that the initially maximal entanglement between mode
s and c is degraded, and in the second case (ii) the initial zero entanglement grows. In
both cases the change from the initial entanglement is due to the interaction with the
common mode s, which in turn interacts with modes p and i¯ (through Hp,s,¯i) and with
c (either from its initial condition with s in case (i), and through the unitary ‘beam
splitter late-time scatter process H
(s,c)
bs in case (ii)).
9.1. Entangled Initial State
For our first case, we consider a maximally entangled initial state (ent I.S.) between
modes s and c in region I, i.e.
|ψ〉(ent I.S.)in = |np0〉p|0〉i¯ (|ns0〉s|0〉c + |0〉s|nc0〉c) /
√
2 ≡ |np0〉p|0〉i¯|φ〉(ent I.S.)s,c (127)
where mode c stays forever outside and non-interacting with the BH (the evolution
proceeds by Hp,s,¯i). We are interested in the evolution of the entanglement of ρs,c
between mode s which acts in the formation of the BH and mode c with does not.
The partial transpose on the initial density matrix formed from |φ〉(ent I.S.)s,c in
Eq.(127) has negative eigenvalue −1/2 and thus EN (ρs,c(0)) = 1. As previously
considered, we also have EN (ρ(p,¯i),s(0)) = 0. We can think of the state |ψ〉(ent I.S.)in
as arising as follows. Consider two early-time modes (s, s′) on J− in Fig.(1) that are
maximally entangled according to |φ〉(ent I.S.)s,s′ . We allow mode s to fall into the BH as
usual, but require s′ to stay far away an non-interacting with the BH event horizon for all
times. We can take the unitary evolution to be e−iHp,s,¯it⊗ e−ia†cact. While the state |0〉s′
picks up no phase, the state |nc0〉s′ evolves to e−inc0t|nc0〉s′ = e−i(nc0/
√
np0) τ |nc0〉s′ ≈ |nc0〉s′
where we have used τ ∼ √np0t and np0  nc0. We then take the mode s′ to be the late
time mode c, which again remains non-infalling and non-interacting.
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For transparency of discussion, we utilize only the short-time expressions for the
quantum amplitudes in Eq.(51) which we write as
c<n (τ) ≡ c(ns0)n =
[
(1− z)ns0+1 zn
(
ns0 + n
n
)]1/2
, c(0)n =
√
(1− z) zn, (128)
for all 0 ≤ z ≤ 1 (since the long-time solution for z > z∗ introduces only minor
modifications). The initial state |ψ〉(ent I.S.)in then evolves to
|ψ(τ)〉(ent I.S.)out =
∑
n
|np0 − n〉p|n〉i¯
1√
2
(
c(ns0)n |ns0 + n〉s|0〉c + c(0)n |n〉s|nc0〉c
)
. (129)
In forming the density matrix ρs,c(τ), we find the partial transpose on mode c yields
a negative eigenvalueN (s,c)n = −1/2 |c(0)n c(ns0)n | for ns0 > 0 (for ns0 = 0, |φ〉(ent I.S.)s,c evolves
separably for all times) for each value of n (arising from a re-writing of the off-diagonal
terms of ρPTcs,c (τ) as discussed in Section 3.4) leading to a log-negativity given by
E
(ent I.S.)
N (ρs,c) = log2
[
1 + (1− δns0,0)
∑
n
|c(0)n c(ns0)n |
]
, (130)
Figure 15. (left) E
(ent I.S.)
N (ρs,c) and (right) (solid) E
(sep I.S.)
N (ρ(p,¯i),s) and (dashed)
E
(ent I.S.)
N (ρ(p,¯i),s) for initially maximally entangled (s, c)-mode state |ψ〉(ent I.S.)in =
(|ns0〉s|0〉c + |0〉s|nc0〉c)/
√
2 with nc0 = ns0 = (0, 1, 2, 5, 10), using short-time
amplitudes c
(ns0)
n =
[
(1− z)ns0+1 zn
(
ns0 + n
n
)]1/2
for 0 ≤ z ≤ 1. For ns0 = 0
(blue curves), the initial state is separable for in modes s and c, and remains so for all
times. (color online)
which is plotted in left figure of Fig.(15) for various values of nc0 = ns0. The
single summation over n in Eq.(130) arises from the matrix elements p〈np0 −m|np0 −
n〉p i¯〈m|n〉i¯ = δm,n that arise when tracing |ψ(τ)〉(ent I.S.)out 〈ψ(τ)| written as a double sum
over m,n, over modes (p, i¯, s).
As means of comparison, in the right plot of Fig.(15) we plot E
(ent I.S.)
N (ρ(p,¯i),s) after
forming the density matrix for the bipartite subdivision (p, i¯), s as in Section 3.4. Recall
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that in Section 3.4 with separable initial state (sep I.S.) |ψ〉(sep I.S.)in = |np0〉p|0〉i¯ |ns0〉s|φ〉c
(for some arbitrary state |φ〉c) we found the negative eigenvalueN ((p,¯i),s)n = −|c(ns0)n c(ns0)m |
for the partial transpose on s of ρ(p,¯i),s leading to the log-negativity
E
(sep I.S.)
N (ρ(p,¯i),s) = log2
[
1 +
∑
m,n
|c(ns0)n c(ns0)m |
]
= log2
(∑
n
|c(ns0)n |
)2 , (131)
upon utilizing
∑
n |c(ns0)n |2 = 1. For the entangled initial state |φ〉(ent I.S.)s,c in
Eq.(127) we now find the incoherent sum of negative eigenvalues N ((p,¯i),s)n =
−1/2
(
|c(0)n c(0)m |+ |c(nc0)n c(nc0)m |
)
in the partial transpose, arising from the |0〉c and |nc0〉c
portions of |ψ(τ)〉(ent I.S.)out when forming the partial transpose of s for ρ(p,¯i),s. This leads
to the log-negativity
E
(ent I.S.)
N (ρ(p,¯i),s) = log2
 1
2
(∑
n
|c(0)n |
)2
+
1
2
(∑
n
|c(ns0)n |
)2  . (132)
In the right plot of Fig.(15) the solid curves are E
(sep I.S.)
N (ρ(p,¯i),s), while the dashed curves
are E
(ent I.S.)
N (ρ(p,¯i),s) which always lie below the former (except for ns0 = 0, which are
identical).
9.2. Discussion
The implication of this calculation is that even though particle modes s and c in
region I are initially maximally entangled, the coupling of s to the modes (p, i¯) (BH
mode and emitted anti-particle in region II) by means of the evolution under Hp,s,¯i,
weakens the entanglement between s and c as the entanglement between s and (p, i¯)
grows from an initial zero value. Likewise, the entanglement between the bipartite
partition (p, i¯), s is reduced from what it would be if mode s were not initially entangled
with mode c. This is an alternative way to observe that the BH particle production
degrades entanglement (see Bra´dler and Adami [2] for further in depth analysis) as the
entanglement is distributed between bipartite mode partitions (s, c) and modes (p, i¯), s
through the common Hawking radiation mode s. The fact that the full pure quantum
state is entangled across the horizon, vs a separable state, argues against the necessity
for the concept of a BH firewall at the horizon [14, 15, 16].
9.3. Entanglement by ’Beam-Splitter’ Scattering
We also consider, in a sense, a dual to the scenario of the previous section, namely
taking the initial state to be the separable ‘0’ in-state |ψ〉(0)in of Eq.(B.1) (dropping the
modes (s¯, i))
|ψ〉(0)in = |np0〉p|0〉i¯|0〉s|1〉c, (133)
and allowing it to evolve via the combined BH evaporation squeezing Hamiltonian Hp,¯i,s
and the (s, c)-mode ’beam-splitter’ scattering Hamiltonian Hs,cbs as in Section 7. Mode
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c can be considered as initially the same mode in the previous section 9.1, (though this
time in a product state with the Hawking vacuum) which remains in region I until late
times, upon which it is allowed to infall and scatter with the formed BH. We are again
interested in the evolution of the entanglement of ρs,c between mode outgoing Hawking
radiation mode s, and mode c considered to ultimately fall into region II.
In Section 7 the scattering between the region I early-time mode s and late-time
infalling mode c was modeled as the unitary ‘beam-splitter’ process (as we shall refer to
it) generated by Hs,cbs Eq.(31). The beam-splitter Hamiltonian generates entanglement
(Eq.(33)) due to the indistinguishability of the reflecting and transmitted paths emerging
from the unitary process. Utilizing Eq.(B.6), |ψ〉(0)out is now given by
|ψ〉(0)out =
∞∑
n=0
∞∑
k=0
cn,k |np0 − n〉p|k〉s|n〉i¯|n+ 1− k〉c, (134)
cn,k ≡ c(0)n f (0)k (n), c(0)n =
√
(1− z) zn, (135)
f
(0)
k (n) =
√
n+ 1− k cos θf (1)k (n)− i
√
k sin θf
(1)
k−1(n), (136)
f
(1)
k (n) =
√(
n
k
)
cosk θ (−i sin θ)n−k, (137)
where
∑n
k=0 |f (1)k (n)|2 =
∑n+1
k=0 |f (0)k (n)|2 = 1. Some straight forward algebra yields
that the partial transpose of the reduced density matrix ρs,c (written as the double
sum
∑
n,k
∑
m,`) has negative eigenvalues Nk,` = −|cn,k| |cn,`| (where, again a δm,n =
p〈np0 −m|np0 − n〉p i¯〈m|n〉i¯ has arisen when tracing over the modes p, i¯). This leads to
the log-negativity
E
(BS)
N (ρs,c) = log2
[
1 + 2
∞∑
n=0
n+1∑
k, 6`=k
|cn,k| |cn,`|
]
= log2
∑
n=0
(1− z) zn
(
n+1∑
k=0
|f (0)k (n)|
)2 ,(138)
|f (0)k (n)| =
1√
n+ 1
√(
n+ 1
k
)
(cos θ)k−1 (sin θ)n−k
∣∣(n+ 1− k) cos2 θ − k sin2 θ∣∣ , (139)
which is plotted in Fig.(16) for various values of θ, where cos2 θ is the transmittance
of the beam-splitter, again using the short-time amplitudes c
(0)
n (z) = [(1− z) zn]1/2 for
0 ≤ z ≤ 1.
For z = 0 (with c
(0)
n (z) = δn,0) the log-negativity is given by E
(BS)
N (ρs,c(0)) =
2 log2(| cos θ + sin θ|) which is zero at θ = 0, pi/2 and reaches its maximum value of
unity at θ = pi/4. The non-zero log-negativity at z = 0 arises from our model where
under the ’squeezing’ Hamiltonian the state |0〉s|1〉c is unchanged at z = 0, while the
’beam-splitter’ Hamiltonian transforms the state to cos θ|0〉s|1〉c+sin θ|1〉s|0〉c, for which
the partial transpose of the density matrix has negative eigenvalue − sin θ cos θ. For
θ = 0, pi/2 the beam splitter is either perfectly transmitting or perfectly reflecting and
modes s and c remain separable for all times.
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Figure 16. E
(BS)
N (ρs,c) for initially separable state |ψ〉(0)in = |np0〉p|0〉i¯|0〉s|1〉c evolving
under both the BH evolution Hamiltonian Hp,¯i,s and the mode s, c ’beam-splitter’
scattering Hamiltonian H
(BS)
s,c with transmittance cos2 θ, using short-time amplitudes
c
(0)
n = [(1− z) zn]1/2 for 0 ≤ z ≤ 1. The curves are symmetric about θ = pi/4 (50%
transmittance).
9.4. Discussion
The implication of the above calculation is that while the s and c modes are initially
separable, they become entangled by Hs,cbs for each state |n〉i¯ |n〉s |1〉c of the two-mode
(s, i¯) correlated (squeezed) state generated by the BH particle production in region
I as |n〉i¯ |n〉s |1〉c → |n〉i¯ U (BS)s,c |n〉s |1〉c. Here the unitary s, c mode scattering process
is the source of the entanglement generation. At the transmittance endpoints (unit
transmittance: θ = 0, unit reflectivity: θ = pi/2) the unitary scattering process
transforms input product Fock states of modes s and c to output product Fock states,
maintaining separability of the two modes for all time. For transmittance between
0 < cos2 θ < 1, the ‘beam splitter’ scattering process creates the entangled output
state of the form
∑n+1
k=0 cn,k |k〉s|n+ 1− k〉c for each generated squeezed state Hawking
radiation pair |n〉s|n〉i¯ of fixed value n, and hence ρs,c is entangled across the horizon.
Again, the entangled (vs separable) nature of the state ρs,c across the BH horizon argues
against the need for a BH firewall.
10. Summary and Discussion
In this work we have explored the trilinear Hamiltonian for parametric down
conversion (PDC) as a simple, phenomenological unitary zero-dimensional model for
pair production in the neighborhood of an evaporating black hole (BH). Here the signal
and idler modes of PDC are analogous to the modes that propagate just outside (region
I) and inside (region II) the BH, while the pump mode of PDC models the gravitational
field energy degree of freedom as the source of pair production. The primary motivation
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for utilizing the trilinear Hamiltonian is that it is the simplest, most general unitary
form enforcing quantized energy/particle number conservation (and hence back-action
effects) between the BH source and emitted Hawking radiation particles.
As in previous investigations [1, 2, 10] this present work does not directly address
the ultimate fate of the information in the interior (region II), behind the BH horizon.
However, the work presented here does suggest that the late-time deviations from
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Figure 17. Probability distributions ps(n, τ) and pp(n, τ) in the computational basis
(Fock states)from numerical integration of Eq.(124). Initial distributions: (gray-solid)
ps(n, 0), (gray-dashed) pp(n, 0) with BH n¯p(0) = |α|2 = 35. Late time distributions
τ ≈ 0.55 when dnp/dτ = 0: (black-solid) ps(n, τ) and (black-dashed) pp(n, τ).
the conventionally considered Hawking radiation thermal state do contain information
that can be used to partially reconstruct the initial state of the BH (see additionally
[10]). Qualitative evidence for this suggested in Fig.(17) of the numerical simulations of
Eq.(124) for the probability distributions pp(n, τ) of the BH ‘pump’ state, and ps(n, τ)
the outgoing Hawking radiation, in the computational basis (Fock states) presented in
Section 8. The gray-dashed curve in Fig.(17) is the initial coherent state probability
distribution of the BH ‘pump’ mode np with n¯p(0) = |α|2 = 35 (the initial distribution
ps(n, 0) of the Hawking radiation is a delta function at n = 0). The black-solid curve is
the probability distribution ps(n, τ) of the outgoing Hawking radiation mode s at time
τ ≈ 0.55 when dnp/dτ = 0. Is is qualitatively similar to pp(n, 0). The black-dashed
curve is probability distribution pp(n, τ) of the BH ‘pump’ mode at τ ≈ 0.55. The zeros
(and near zeros) in pp(n, τ) indicate that the BH ‘pump’ is approximately in a single-
mode squeezed state [8] characterized by the pure state vector |ψ〉(sq)p = ∑n c˜2n|2n〉p
(with odd c˜2n+1 ≡ 0). The implication of these results is that, at the limits of the
validity of our model, when dnp/dτ = 0, the two-mode squeezed nature of the short-
time Hawking radiation is impressed upon the BH ‘pump’, while the initial coherent
state probability distribution of the BH ‘pump‘ is effectively impressed upon the late-
time Hawking radiation. If this were the approximate endpoint of the BH evaporation,
the initial information of the BH (mode p) has (at least partially) been transferred to
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the outgoing Hawking radiation (mode s). The results lends credence to negation of the
assertion quoted in the Introduction to this work (from Lloyd and Preskill [11]), that
the infalling quantum state is cloned (by some supposedly unitary mechanism) in the
outgoing radiation, which would violate the linearity of quantum mechanics.
We have used our unitary trilinear Hamiltonian model to investigate issues of
entanglement between various bipartite divisions of the modes involved for both short-
times when energy in the BH is roughly large and constant and at late-times when
the BH is evaporating. Specifically, we have examined the entanglement (via the log-
negativity) across the BH horizon between the bipartite division of the (pump, idler)
and signal modes, as well as entanglement between two separate set of pairs generated
by the pump. We find entanglement between the emitted region I/II pairs (s, i¯) and
(s¯, i) through the common BH source ’pump’ mode p. If one traces out all modes except
the particle and antiparticle (s in s¯ in this work) in region I, we find a separable density
matrix. We have also shown both analytically and numerically that this dynamical BH-
as-PDC model reproduces the long held conjecture that the (Page) information [29, 30]
essentially emerges from the evaporating BH when it has transferred roughly half its
population into the Hawking radiation, precisely because of the thermal state deviations
that arise in the outgoing radiation at late times. In this work we also interpret this
Page time as the time when the variance of the BH ‘pump’ population becomes equal
to the variance of the population of the outgoing radiation. Further, the entangled,
vs separable, nature of the full quantum state across the BH horizon, resulting from
the coupling of the evaporating BH ‘pump’ source mode with the emitted internal and
external Hawking radiation modes argues against the need for concepts such as BH
firewalls.
The work presented here extended the previous work of Bonifacio and Preparata
[19] to develop both a short-time and long-time solution to the differential-difference
equations Eq.(47) for the quantum amplitudes of various relevant ‘in-states.’ In the
short-time limit defined by np0 , n, ns0, 1 the pump Fock state |np0 − n〉p essentially
factors out from the rest of the signal/idler portion of the state, and the usual two-mode
squeezed state with an un-quantized source of PDC is recovered. Since a Fock number
state is a highly non-classical state, it might be more appropriate to have modeled
the initial BH ‘pump’ state by a coherent state |α〉p = e−|α|2/2
∑∞
m=0 α
m/
√
m! |m >p
with |α|2 = np0, which for a laser pump source is the quantum state most like
the classical state of complex amplitude α (i.e. p〈np0|(ap + a†p)/2|np0〉p = 0, while
p〈α|(ap+a†p)/2|α〉p = Re(α)). However, the point of view taken in this paper is that since
np0  1, the coherent state |α〉p is very sharply peaked about the mean n¯ = |α|2 with
[36] standard deviation ∆n = α =
√
n¯ implying a fractional uncertainty ∆n/n¯ = 1/
√
n¯,
and hence |α|2 ∼ np0. The extra summation in the definition of the coherent state could
be accommodated in an analytical treatment (as was performed numerically in Section
8 and will be explored further in future work [46]), but in this present work would only
serve to complicate and obscure the central analytical features discussed.
For long times, we have extended the methodology of Bonifacio and Preparata [19]
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to develop an approximate pde formulation of the exact differential-difference quantum
amplitude equations Eq.(58) and showed that each scaled amplitude C˜n(t) is stationary
in the long-time regime Eq.(68). To match the long-time solution to the short-time
solution the later was used as the initial condition to the pde, which allowed us to
compute the crossover time z∗ ≈ 1/2 Eq.(80) by (following the reasoning of [19])
equating the short-time and long-time expression for the mean occupation number of
particles n¯(z) =
∑∞
n=0 n p(n, z), where p(n, z) = |cn(z)|2 is the square of the quantum
amplitudes. We then argued that the stationarity of the quantum amplitudes C˜n(t) in
the long-time regime z > z∗ implied that the generalized thermal form of the probability
p(n, z) for short-times z ≤ z∗, written in terms of the mean number n¯(z) for short-times
Eq.(54), holds for long times as well, if one replaces n¯(z) with it’s appropriate longtime
expression Eq.(73) in the expressions for the long-time probabilities. Bonifacio and
Preparata [19] found that the dispersion σ(n¯) ≡ (∆n)2 at any time is practically of a
Bose type: σ(n¯) ≈ n¯ and further state We conclude by emphasizing that the chaotic
(thermal) character of the short-time (photon) distribution is preserved by the dynamics
of our system (the trilinear Hamiltonian) . . . Our results are consistent with their
findings. However, it is precisely these deviations from the thermal state arising from BH
evaporation explored here that lead to information emerging from the BH at late times
and further, to more diverse entanglement distributions amongst the modes involved.
It is the stationarity of the long-time quantum amplitudes that ultimately leads to only
a slight change in the channel (Holevo) capacity calculation (for z > z∗) as exhibited in
Fig.(8)) over that of the calculation by Adami and Ver Steeg [1].
A subtle example of the effect of BH evaporation due to the inclusion of the
quantized BH ‘pump’ mode p was given in Section 5 where we explored entanglement
between different modes in the long-time outgoing Hawking radiation field: particles
s and anti-particles s¯ in region I. These outgoing modes are generated coherently
in two region I/II pairs, (s, i¯) and (s¯, i), from the same BH source mode p. As
discussed in Section 5, the out state is given by |ψ〉out =
∑
n
∑
m cn,m(t) |n,m〉L where
0 ≤ n + m ≤ np0 with |n,m〉L = |np0 − n − m〉p|ns0 + n〉s|n〉i¯|ns¯0 + m〉s¯|m〉i. It
is readily seen that a constant of the motion of this process is a†pap + 1/2(a
†
sas +
a†
i¯
ai¯) + 1/2(a
†
s¯as¯ + a
†
iai) = np0 + ns0 + ns¯0. Upon tracing over the pump we obtain
entanglement between the bipartite subsystems of (s, i¯) and (s¯, i) through the inner
product p〈np0−n′−m′|np0−n−m〉p = δn′+m′,n+m which states that any combination of
emitted region I/II pairs that gives rise to the same sum n+m contributes. However, if
we compute the density matrix for the outgoing radiation in region I alone, i.e. modes
(s, s¯), the trace over the region II idler modes yields the additional delta functions
i¯〈n′|n〉i¯ = δn′,n and i〈m′|m〉i = δm′,m which renders δn′+m′,n+m δn′,n δm′,m = δn′,n δm′,m
and wipes out the entanglement between s and s¯, producing a separable region I out-
state ρs⊗ ρs¯, appropriate for an uncorrelated thermal state. Interestingly, in our model
we find entanglement between the bipartite subdivision of modes (p, i¯) and s, but no
entanglement directly between the modes i¯ and s. In the short-time regime where one
can factor out the BH source ’pump’ mode (or in the case usually considered in the
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literature where the pump mode occupation number is implicitly taken to be large and
constant) the former case reduces to the later case.
If we push the analogy of BH pair production with quantum optical process of
PDC it is natural to ask ‘where is the ‘cavity’ (crystal) in which the unitary process
takes place and what is its length?’ Mottola and Vaulin [47] take a complete different
approach and model the interior of the BH as a Bose-Einstein condensate. This gives
rise to an internal negative pressure much like dark energy which prevents the BH
singularity from forming. From this work the authors estimate the ’thickness’ of the BH
event horizon as ∆` ≈ O(√`pRs) ≈ 2 × 10−16m√M/M where `p = √~G/c3 is the
Planck length and Rs = 2GMbh/c
2 is the Schwarzschild radius of the of the BH of mass
Mbh.
∗ As such, the ‘length’ of the ‘non-linear crystal’ in which the BH particle pair
production occurs with depleted BH ‘pump’ source could be taken to be O(√`pRs).
How long the modes propagate just outside (region I) and inside (region II) the BH
governs how long (i.e. zmax) the PDC process continues to generate pair production via
ap a
†
s a
†
i¯
, which simultaneously feeds back into replenishing the BH ‘pump’ via a†p as ai¯.
However, we have shown that up to the time for which the BH population np reaches its
first minimum value dnp/dτ = 0, the energy flow is from the BH source to the Hawking
radiation ns and nbari. If this time were to be infinite (i.e. z → 1) then it is apparent
how a steady state arises to produce a stationarity in the quantum amplitudes cn(z)
for large z. Yurke [48, 49] has pointed out that in the case of spontaneous parametric
down conversion (SPDC) (i.e. ns0 = ns¯0 = 0) an effective thermal temperature T arises
if one chooses to only observe the signal mode (and trace out over the idler mode, to
mimic the inaccessible region II modes just inside the BH), and is given effectively by
the nonlinear interaction strength times the length of the non-linear crystal.
Of course, once the signal mode exits the ‘crystal’ (at some 0 ≤ zmax ≤ 1) the
PDC process stops, and this mode is available for external detection. In the case of the
BH, how long the idler modes hover just inside the horizon (i.e. the determination of
zmax) is technically problematic since by classical general relativity an object, massive or
massless, reaches the BH singularity in a finite proper time once it crosses the horizon.
Thus, lacking a full quantum theory of gravity the modeling of the interior region II
quantum state is phenomenological at best. Thus, something ‘more’ is called for to
address this question, possibly along the lines of investigation of Mottola and Vaulin
[47] (who, in fact advocate that their method eliminates the whole issue of information
loss since their BEC model eliminates the BH singularity). Nonetheless, the unitary
model put forth here explicitly describes an energy/particle-number preserving process
to be used as a simplified arena to explore BH particle production/evaporation.
In future work, we will include loss in the outgoing signal modes via an open-
system quantum optical master equation [8] to better mimic their escape from the
BH ’non-linear cavity’ to infinity. Some researchers have modeled the production of
∗ This result could be argued from dimensional analysis by assuming that ∆` ∼ `xp R(1−x)s so that both
sides have units of length. The solution ∆` ≈ O(√`pRs) then represents the geometric mean x = 1/2,
the most equitable weighting of both lengths `p and Rs.
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Hawking radiation as arising from the curvature distortion resulting from the connection
of interior and exterior (relative to the BH horizon) spacelike surfaces as one constructs
a time-slicing of the BH spacetime. As a consequence, the Hawking radiation emerges
as a time ordered sequence of emitted wave packets (see e.g. [5, 7] and references
therein) each of which moves away from the subsequent region of curvature distortion
(at reduced radius), and interacting only slightly with this new region. In the standard
Hawking radiation formulation (the ‘non-depleted pump’ in our terminology), this
interaction time of the emitted wave packet with the new curvature region is (to
lowest order) taken to be zero. However, precisely how long this finite interaction
time is could embody many of the BH source/Hawking radiation effects (information
emergence, entanglement distributions, etc. . . ) explored in this work. As such, it would
seem appropriate to switch to a temporal wavepacket description [3] defined by [50]
a†i,t0 =
∫
dω ξ(ω, t0) a
†
i (ω) for a energy mode i centered about time t0, with the mode
function ξ(ω, t0) typically taken to be Gaussian ξ(ω, t0) = (2piω)
−1/4ei(ω−ω0)−(ω−ω0)
2/4∆2
of frequency bandwidth ∆  ω0 about a central frequency ω0. Here, the usual
frequency modes satisfying [ai(ω), a
†
j(ω
′)] = δi,jδ(ω − ω′) gives rise to the commutation
relation [ai,t0 , a
†
j,t1
] = δi,j e
−∆2(t1−t0)2/2 which treats two temporal modes as independent
if sufficiently separated in time, t1 − t0  1/∆. Thus, one could model the BH particle
production/evaporation process similar to the work presented here, but now with a set
of time-bin modes to carry away the successive particle production pairs. However, it
remains reasonable that a multi-temporal mode version of the fully quantized squeezing
Hamiltonian Hp,s,¯i used in this work would be warranted to ensure the most general
unitary form of energy conservation. In addition, it also seems reasonable to expect
that there would be some finite ‘coherence time‘ of the quantized BH ‘pump’ source
mode such that successively emitted time-bin modes would be entangled to some (as of
yet, unknown) degree. Such energy-time or time-bin entanglement effects are known to
exist (and in fact, are currently engineered and actively studied, see [51, 52, 53]) for the
temporal modes that are emitted under the coherence time of the ‘pump’ source, since
such modes carry a degree of indistinguishability. Such investigations will be pursued
in future work [46].
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Appendix A. Analytic solution for the full Hamiltonian H = Hp,s,¯i +Hp,s¯,i
For the full Hamiltonian
H = Hp,s,¯i +Hp,s¯,i = r (a†pK(s¯i)− + apK(s¯i)+ ) + r (a†pK(s¯i)− + apK(s¯i)+ ) (A.1)
considered in Section 4 the logical states of all modes involved are given by
|n,m〉L = |np0 − n−m〉p|ns0 + n〉s|n〉i¯|ns¯0 +m〉s¯|m〉i, (A.2)
where ns0 and ns¯0 are the initial number of particles/anti-particles in the s and s¯ modes
in region I. The output state is given by
|ψ〉out =
∑
n=0
∑
m=0
cn,m(t) |n,m〉L, 0 ≤ n+m ≤ np0, |ψ〉in = |0, 0〉L, (A.3)
where cn,m(t) = L〈n,m| e−iH t|ψ〉in. Note that the sums in Eq.(A.3) can also be written
as the ordered sums
∑np0
n=0
∑np0−n
m=0 or
∑np0
m=0
∑np0−m
n=0 .
Following the procedure of the Section 3.3 we can derive the exact differential-
difference equation for cn,m(t
′) with t′ = r t
dcn,m
dt′
=
√
np0 − n−m
(√
(n+ 1) (2κ+ n) cn+1,m(t
′) +
√
(m+ 1) (2κ¯+m) cn,m+1(t
′)
)
+
√
np0 − n−m+ 1
(√
n (2κ+ n− 1) cn−1,m(t′) +
√
m+ (2κ¯+m− 1) cn,m−1(t′)
)
,(A.4)
where 2κ− 1 = ns0 and 2κ¯− 1 = ns¯0.
For short-times, defined by the condition np0  ns0, ns¯0, n,m, 1 we can again factor
out
√
np0, define τ = r
√
np0 t and obtain the factorized (separable) amplitudes
cn,m(τ) = c
< (s,¯i)
n (τ) c
< (s¯,i)
m (τ), (A.5)
c< (s,¯i)n (τ) =
(−i tanh τ)n
(cosh τ)ns0+1
√(
ns0 + n
n
)
, c< (s¯,i)m (τ) =
(−i tanh τ)m
(cosh τ)ns¯0+1
√(
ns¯0 +m
m
)
,(A.6)
with c<(τ) having the same form as Eq.(51). This yields the separable state in the mode
pairs (s, i¯) and (s¯, i)
|ψ<(τ)〉out =
∑
n,m
cn,m(τ) |n,m〉L,
≈ |np0〉p ⊗
∞∑
n=0
c<n (τ) |ns0 + n〉s|n〉i¯
∞∑
m=0
c<m(τ) |ns¯0 +m〉s¯|m〉i, (A.7)
≡ |np0〉p ⊗ |ψ<(τ)〉s,¯i ⊗ |ψ<(τ)〉s¯,i, (A.8)
with probability distribution p<(n,m, τ) = |c<n,m(τ)|2 = |p<(n, τ)|2 |p<(m, τ)|2, with
each factor on the right hand side having the form of Eq.(54).
To develop a pde for long-times, where np0, n,m, ns0, ns¯0, 1, we must define two
G functions in analogy to Eq.(56)
G2κ(n,m) = g(np0 − n−m) g(n) g(2κ+ n− 1),
G2κ¯(n,m) = g(np0 − n−m) g(m) g(2κ¯+m− 1), (A.9)
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with g(n) still given by Eq.(55). We further define
C˜n,m(t) =
√
G2κ(n,m)G2κ¯(n,m) c˜n,m(t), c˜n,m(t) = (−i)n+m cn,m(t),(A.10)
to derive the exact equation for C˜n,m(t
′)
0 =
dC˜n,m(t
′)
dt′
+G2κ(n,m)
[√
G2κ¯(n,m)
G2κ¯(n+ 1,m)
C˜n+1,m(t
′) −
√
G2κ¯(n,m)
G2κ¯(n− 1,m) C˜n−1,m(t
′)
]
,
+G2κ¯(n,m)
[√
G2κ(n,m)
G2κ(n+ 1,m)
C˜n,m+1(t
′) −
√
G2κ(n,m)
G2κ(n,m− 1) C˜n,m−1(t
′)
]
.(A.11)
An examination of the terms in the square roots reveals that
G2κ(n,m)
G2κ(n,m± 1) =
g(np0 − n−m)
g(np0 − n− (m± 1)) ≈ 1,
(and similarly for κ → κ¯) which only utilizes np0  1 and thus is well within our
long-time approximation. This allow us to write the approximate pde as
0 ≈ ∂C˜(n,m, t
′)
∂t′
+ 2G2κ(n,m)
∂C˜(n,m, t′)
∂n
+ 2G2κ¯(n,m)
∂C˜(n,m, t′)
∂m
(A.12)
We now define
n = np0 cos
2 φ sin2 θ,
m = np0 sin
2 φ sin2 θ, (A.13)
so that n+m = np0 sin
2 θ in analogy with the previous section. Using
∂θ
∂n
=
∂θ
∂m
=
1
2
√
(n+m) (np0 − (n+m))
,
∂φ
∂n
= − ∂φ
∂m
=
1
2(n+m)
√
m/n
,
we derive
∂C˜(θ, φ, t′)
∂t′
+
[
cosφ vns0(θ, φ) + sinφ vns¯0(θ, φ)
] ∂C˜(θ, φ, t′)
∂θ
,
+
[− sinφ
tan θ
vns0(θ, φ) +
cosφ
tan θ
vns¯0(θ, φ)
]
∂C˜(θ, φ, t′)
∂φ
= 0, (A.14)
where we have defined
vns0(θ, φ) =
√
2κ+ n =
√
1 + ns0 + np0 cos2 φ sin
2 θ,
vns¯0(θ, φ) =
√
2κ¯+m =
√
1 + ns¯0 + np0 sin
2 φ sin2 θ. (A.15)
In general, Eq.(A.14) is a quite complicated pde in θ, φ and t′. We develop a
reasonable special case of Eq.(A.15) by considering the condition
1 + ns0 = (2 + ns0 + ns¯0) cos
2 φ, ⇒ 1 + ns¯0
1 + ns0
= tan2 φ ≡ m
n
,
1 + ns¯0 = (2 + ns0 + ns¯0) sin
2 φ. (A.16)
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For example, for the case of pure spontaneous emission ns0 = ns¯0 = 0 the above special
case condition requires m = n, or that the number of emitted signal particles n in region
I is equal to the number of emitted signal anti-particles m in region I, something we
expect from the symmetry of the particle production. In general, Eq.(A.16) requires
that the ratio n/m of emitted particle/anti-particle in region I is equal to the initial
ratio of the particles/anti-particles (plus unity) in the radiation field. This simplifies
Eq.(A.15) to vns0(θ, φ) = cosφ v(θ) and vns¯0(θ, φ) = sinφ v(θ) where
v(θ) =
√
2 + ns0 + ns¯0 + np0 sin
2 θ =
√
2κ+ 2κ¯+ n+m, (A.17)
and yields the pde
∂C˜(θ, φ, t′)
∂t′
+ v(θ)
∂C˜(θ, φ, t′)
∂θ
= 0,
∂C˜(u, t′)
∂t′
+
∂C˜(u, t′)
∂u
= 0, (A.18)
with
u(θ) =
∫ θ
0
dθ′
v(θ′)
. (A.19)
A further detailed analysis reveals that the next order correction to Eq.(A.18) is
O(∂φC˜(θ, φ, t′)/np0) which we drop by invoking np0  1.
We therefore find from Eq.(A.19) and Eq.(A.15)
n¯>(τ) =
ns0 + 1
ns0 + ns¯0 + 2
np0 cn
2 (τ − Tq | ke) , (A.20)
m¯>(τ) =
ns¯0 + 1
ns0 + ns¯0 + 2
np0 cn
2 (τ − Tq | ke) , (A.21)
where, with a redefinition of τ within our long-time approximation, we have
τ =
√
np0 + ns0 + ns¯0 + 2, ke =
np0
ns0 + ns¯0 + 2
, cn2 (τ − T | ke) →
ke→1
sech2 (τ − T ) ,(A.22)
and
Tq = a(ke) +
1
2
ln
(
np0 + ns0 + ns¯0 + 2
ns0 + ns¯0 + 2
)
= a(ke)− 1
2
ln(1− ke), ln 4
ke→0
≤ a(ke) ≤ pi/2
ke→1
.(A.23)
This yields the long-time entangled state
|ψt>(τ)〉out =
∑
n,m
c>n,m(τ) |n,m〉L,
=
∑
n,m
c>n,m(τ)|np0 − n−m〉p|ns0 + n〉s|n〉i¯|ns¯0 +m〉s¯|m〉i.(A.24)
Following the discussion for Eq.(79) we determine the crossover point between the short-
time and long-time solutions by equating
n¯<(τ
∗) + m¯<(τ ∗) = n¯>(τ ∗) + m¯>(τ ∗) (A.25)
with crossover time z∗ = tanh2 τ ∗. The matching of the total mean number of particles
allows us to replace n¯< in the expression for p<(n) = |c<(s,¯i)n | by n¯> for z > z∗,
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and similarly replace m¯< in the expression for p<(m) = |c<(s¯,i)n | by m¯>, to construct
p>(n,m, τ) from p<(n,m, τ), as we did in Eq.(75).
Eq.(A.25) yields the same equation for z∗ as previously in Eq.(79) but now with
(ns0 + 1) → (ns0 + 1) + (ns¯0 + 1) in the right hand side equation, as well as in
the equation for z∗. In the limit np0 → ∞ we obtain the exact same value of
z∗ = (epi/2/2− 1)−2 = 0.506407 as before in Eq.(80).
Appendix B. Derivation of quantum states for sending a ‘0’ and a ‘1’
For the channel capacity calculation of Section 7.1 we send a logical ‘0’ with in-state
|ψ〉(0)in and send a logical ‘1’ with in-state |ψ〉(1)in given by
|ψ〉(0)in = |np0〉p|0〉s|0〉i¯|1〉c|0〉s¯|0〉i¯, (B.1)
|ψ〉(1)in = |np0〉p|0〉s|0〉i¯|0〉c|1〉s¯|0〉i¯, (B.2)
where in Eq.(B.1) there is now 1 input boson in mode c vs 1 in the early-time mode a
(both region I), and in Eq.(B.2) there is still 1 input boson in the region I mode s¯, as
considered previously in section 2.
Consider first the case of sending a ‘1’. The squeezing/beam splitter Hamiltonian
creates the output state |ψ〉(1)out given by
|ψ〉(1)out =
√
1− z
∞∑
n=0
∞∑
k=0
√
znf
(1)
k (n) |np0 − n−m〉p|k〉s|n〉i¯|n− k〉c
⊗
√
(1− z)2/z
∞∑
m=0
√
mzm |m〉s¯|m− 1〉i, f (1)k (n) =
√(
n
k
)
cosk θ (−i sin θ)n−k,(B.3)
which leads to the separable density matrix ρ(s,s¯)(1) = Trp,i,¯i[|ψ〉(1)out〈ψ|]
ρ(s,s¯)(1) =
∞∑
k=0
p
(s)
k (1)|k〉s〈k| ⊗
∞∑
m=0
p(s¯)m (1) |m〉s¯〈m| ≡ ρ(s)(1)⊗ ρ(s¯)(1), (B.4)
p
(s)
k (1) =
1− z
1− z sin2 θ
(
z cos2 θ
1− z sin2 θ
)k
, p(s¯)m (1) = m
(1− z)
z
((1− z) zm). (B.5)
In Eq.(B.4) the amplitude f
(1)
k (n) arises from H
s,c
bs acting on modes a and c with
intermediate state (after squeezing) of |n〉a|0〉c for each value of n, and preserving
the total number of particles n in modes (s, c). After the applying the beam
splitter transformation, the output signal (s) density matrix has the form ρ(s)(1) =∑∞
n=0
∑n
k=0(1 − z)zn|f (1)k (n)|2|k〉s〈k| which has the mixed form ρ(s)(1) =
∑∞
n=0 ρ
(s)
n (1)
for each beam splitter rotated state of fixed number of particles n. To determine
the probabilities the series is resummed as ρ(s)(1) =
∑∞
k=0 [
∑∞
n=0(1 − z) zn |f (1)k (n −
k)|2 ]|k〉s〈k| where the inner sum on n can be computed in closed form (utilizing the
identity
∑∞
n=0
(
m+ n
n
)
zn = (1 − z)−(m+1)) and results in the probabilities p(s)k (1)
shown in Eq.(B.5).
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For the case of sending a ‘0’, the calculations proceeds as in the previous case,
but now with intermediate state Eq.(B.1), and with initial (s, c) state |n〉s|1〉c after
squeezing. The beam splitter now preserves the total number of particles n+ 1 initially
in the modes (s, c). The probabilities p
(s)
k (0) and p
(s¯)
m (0) are directly related to the
previous probabilities p
(s)
k (1) and p
(s¯)
m (1). We obtain
|ψ〉(0)out =
√
1− z
∞∑
n=0
∞∑
k=0
√
znf
(0)
k (n) |np0 − n−m〉p|k〉s|n〉i¯|n+ 1− k〉c
⊗
√
(1− z)
∞∑
m=0
√
zm |m〉s¯|m〉i, (B.6)
f
(0)
k (n) =
√
n+ 1− k cos θf (1)k (n)− i
√
k sin θf
(1)
k−1(n), (B.7)
which leads to the separable density matrix ρ(s,s¯)(0) = Trp,i,¯i[|ψ〉(0)out〈ψ|(0)]
ρ(s,s¯)(0) =
∞∑
k=0
p
(s)
k (0)|k〉s〈k| ⊗
∞∑
m=0
p(s¯)m (0) |m〉s¯〈m| ≡ ρ(s)(0)⊗ ρ(s¯)(0), (B.8)
p
(s)
k (0) =
(
cos2 θ + k tan2 θ
(1− z)2
z
)
p
(s)
k (1), p
(s¯)
m (0) = (1− z) zm,(B.9)
p(s¯)m (0) =
(1− z)
z
p(s¯)m (1), (B.10)
After the applying the beam splitter transformation, the output signal (s) density
matrix has the form ρ(s)(0) =
∑∞
n=0
∑n+1
k=0(1− z)zn|f (0)k (n)|2|k〉s〈k| which has the mixed
form ρ(s)(0) =
∑∞
n=0 ρ
(s)
n (0) for each beam splitter rotated state of fixed number of
particles n + 1. To determine the probabilities the series is resummed as ρ(s)(0) =∑∞
k=0 [
∑∞
n=0(1− z) zn |f (0)k (n+ 1− k)|2 ]|k〉s〈k| where the inner sum on n can be again
computed in closed form and results in the probabilities p
(s)
k (0) shown in Eq.(B.9).
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